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Ba Bai Toan Cé Hy Lap

Lé Quang Anh, Ph.D.
Tém tét.
Bai viét nay cd hai phan. Trong phan dAu, ching téi s& trinh bay ba bai Toan c6
ndi tiéng clia ngudi Hy lap khong gidi duoc bang thudc ké! va compa. Trong
phan hai ching tdi s& trinh bay so lwgc vé trurdng mé réng, trudng cdc sé dung

dugc va phat biéu dinh Ly Wantzel. Tir d6 chirng minh duoc ba bai todn ¢ Hy
Lap 1a khong thé gidi dugc bang thudc ké va compa.

Bai viét c6 tinh phé théng, cho nén trong phan hai ching tdi chi néu cacy chinh
can thiét cla ly thuyét trwong thong qua thi du, tuy nhién ching toi van bao
dam tinh chinh xac Todn hoc cla néi dung.

I.  Babaitoan cé Hy Lap

Nhitng bai todn dung hinh bang thuéc ké va compa duoc ngudi Hy lap quan tam
tlr rat 13u, trudce thoi Euclid hang trdm nam. Ba tién dé dau tién cua Euclid trong
b6 Elements qui dinh “luat choi” r6é rang hon:

1. Qua hai diém dung dwoc mot dudng thang.

2. Mot doan thang (hitu han) cé thé dwoc kéo dai thanh mot dudng thang
(v6 han).

3. C6 thé dung duwgc mot dudng tron véi tdm [d mot diém cho san va ban
kinh bang dé dai mot doan thang cho san.

Ngudi Hy lap cé thé dung dwoc rat nhiéu bai todn bang thudc ké va compa mot
cach chat ché, tirc la tuan tha sat sao cac “luat choi” trén. Thidu nhw dung duwong
trung truc ciia mot doan thang, duwong phan gidc ciia mot goc, dung tam gidc déu
v&i d6 dai cac canh cho san, dung duoc do dai V2, \/§....Tuy nhién c6 ba bai toan
sau day cac nha Toan hoc khéng lam dwogc, mac du qua thoi gian hang nghin nam
V@i vdi n6 lyc khdng nglirng. Va ho cling khéng thé chirng minh duoc |a ba bai
toan ay khéng thé gidi dugc bang thuwdc ké va compa. Cho téi thé ky 19, chinh
xac la vao nam 1837, tirc Ia hon 2 ngan nam sau, Pierre Wantzel (1814 — 1848),
mot nha Todn hoc ngudi Phap, chirng minh duwgc ba bai todn ay la khong thé giai
duogc bang thudc ké va compa. Khi dy dng mdi 23 tudi. D4 1a cac bai toan:

L Thuéc ké néi & day la thudce ké khdng chia khac (unmarked ruler).



Khai phwo'ng hinh tron (Squaring the circle), Tam phdn goc (Trisecting the angle),
va Nhén déi khéi vuéng (Duplicating the cube).

_ Compass

Straight Edge

1.1 Vai bai toan khai phwong don gian

Khai phwrong mét hinh ndo dé la vé (dwng) mét hinh vubng cé dién tich bang dién

tich hinh cho sén.

Trudc khi di vao xem xét vai thi du vé khai phuong, doc gia nén ghi nhé rang giao

diém cda hai dwong dé dung dwoc xem nhw dung duoc, tir d6 goc vudng, trung

diém cla mot doan thang, phan giac cla mot goc,...van van la nhitng hinh xem

nhu dyng duoc.

Duwdi day la vai bai todn khai phuong don gidn ma ngudi Hy lap c6 dai da biét lam.
1. Khai phwong hinh chir nhdt.

Cho san hinh chi¥ nhat ABCD. Dung diém E trén phan ndi dai cla duong thing
AB vé phia B sao cho BE = BC. Dung trung diém M cla doan AE. Dyng dudng
tron tdm M duong khinh AE. Dyng giao diém F cla duong thang CB va dudng
tron nay. Dwng hinh vudng BFLK. Dién tich hinh vudng nay bang dién tich hinh
chit nhat ABCD da cho.
Chi&rng minh: Tam gidc AEF vudng & F cé duong cao FB, cho nén

dt(ABCD) = BA.BC = BA.BE = BF2.

dt(BFLK) = BF2.
Vi vay dién tich hinh vudng BFLK bang dién tich hinh chi nhat ABCD. o



2. Khai phwong hinh tam gidc.
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Cho san tam gidc ABC. Dé khai phuwong tam giac nay, ta chi can dung duwoc mot
hinh chit nhat cé cung dién tich v&i tam gidc, roi 4p dung thi du 1.

Dung duwdng cao CD cla tam gidc ABC. Dung trung diém E cGa CD. Dyng hai hinh
chit nhat ADEG va DEFB. Khi 4y hinh chit nhat ABFG cé cung dién tich vdi tam
giac ABC. Kiém chirng khd dé dang. o

3. Khai phwong hinh da gidc Idi.

Cho mot t& gidc 16i P1P,PsP, . Ta chi cdn dung dwoc mét tam gidc cé dién tich
bang dién tich t& giac dy 1a d4. Mudn vy qua P, ta dwng duwong thang song song
véi duwong thang P:Ps. Dung giao diém Ps clia dudng thang nay véi duong thang
P,Ps. Khi dy dién tich hai tam gidc P1PsP,4 va P1PsPs |a bang nhau. Suy ra tam giac
P1P,Ps va tl gidc P1P,P3sP4 c6 dién tich bang nhau . o

Bang cach 4y ta cd thé dem ngii gidc vé t gidc, luc gidc vé ngili giac,...va nhu vay
c6 thé dem mét da giac 16i n canh vé mot tam gidc.

1.2 Bai toan khai phwong hinh tron

Khai phwong mét hinh tron tuc la dwng mét hinh vubéng co cung dién tich vdi dién
tich hinh tron. Day la mot trong nhitng bai todn hap dan trong lich s phat trién
Toén hoc tir thoi c6 dai cho téi thi ky can dai. Bai todn nay cé lién quan dén bai
toan xac dinh sé .

Ngudi ta tim thay bai todn nay xuat hién dau tién trong mot tai liéu c6 Ai Cap cd
tén la Rhind Papyrus, dat theo tén cia nha Ai Cap hoc ngudi Anh Henry Rhind
(1833 — 1863). Ong ta mua dugc tai liéu nay vao ndm 1858. D6 [a mdt cudn gidy,
loai gidy c6, dai 6 mét, khé (ngang) 1/3 mét, do mdt ngudi Ai Cap tén |a Ahmes
chép lai vao ndm 1650 trwdc Tay lich. Tai liéu gdc dugce cho la xuat hién trudc dé



khodng 200 ndm, cé nghia I3 tai liéu goc duogc viét khoang nam 1850 trudc Tay
lich.

Mot trang clia Rhind Papyrus, tai liéu hién dworc luu gitr tai British Museum.

Trong Rhind Papyrus, c6 bai todn s6 50 lién quan dén viéc khai phwong hinh tron.
Loi gidi nhu sau: Dwng mot duong kinh cda hinh tron, bo 1/9 duong kinh nay,
dwng hinh vudng cé canh bang 8/9 phan con lai clia duwdng kinh. Khi y dién tich
hinh vudng bang dién tich hinh tron (xem hinh dui). Ta thir xem phép tinh dung
cd nao.
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Dién tich hinh vusng = ()" = dién tich hinh tron = -
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n= 3+ -3.1605.

81 " 81
Mot gid tri khd chinh xdc clda s6 1 (so v&i 3.14159) c6 dugc tir gan 2 ngan nam
trudc Tay lich. Trong Rhind Papyrus, khéng cé thém chi tiét cich dwng hinh.

Ngudi Hy Lap c6 dai quan tdm nhiéu dén viéc lam thé nao dung duoc hinh vudng
c6 cung dién tich véi hinh tron bang thudc ké va compa. Trong quad trinh tim kiém
|&i gidi (chua cé ai tim ra), ho trdi qua mét s6 bai todn trung gian tha vi.

Nguoi dau tién dugce ghi nhan quan tdm dén van dé la Anaxagoros (khodng 499 -
427 trwde TL). Ong ta gidi todn trong thoi gian & trong tu (bi cho 1a cé cdm tinh
v@i nguoi Ba Tw). Chuyén nay do nha van Hy Lap Plutarch (khoang 46 — 120 sau
TL) k& lai. Khéng cé dau vét lvu lai nhirng gi Anaxagoros d3 lam duoc.


https://en.wikipedia.org/wiki/British_Museum

Tiép theo |a Hippocrates of Chios (khodng 440 truéc TL) — tirc la Hippocrates ngudi
clia dao Chios?, mot hon dao nhé cta Hy Lap. Ong chirng minh dugc dién tich bon
hinh “tr8ng luwdi liém” (goi la Lunes of Hippocrates) bang dién tich hinh vuéng
trong bai todn sau (do Simplicius, khoang 530 sau TL, viét lai). Day dugc xem la
bai gidi mot phan cla bai todn khai phurong hinh tron.

Squere £8CD

inscribed in a drde
with diameter AC

Circle on BC —,
asdiameter |

Circeon AB =
asdiameter | B,

Cho hinh vuéng ABCD canh c6 chiéu dai a ndi tiép trong dwdng tron. Bén ngoai
hinh vudng dung cdc nira dudng tron dudng kinh 1a cac canh hinh vudng. Phéan
mat phang nam gitta cac nlra duwdng tron nay vdi dudng tron ngoai ti€p cda hinh
vudng la cac trdng ludi liém Hippocrates. Hippocrates chirng minh duoc rang téng
dién tich bén mat tring dy bang dién tich hinh vudng ABCD nhu sau:

Cirde on CDv
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Nhu vay téng dién tich b6n mét tring ay bang dién tich hinh vuéng ABCD. O

Archimedes (287 — 212 trwdc TL) Ia nha Toan hoc cé Hy Lap di kha xa trong van dé
nay. Trong baiviét Measurement of a Circle (phép do dudng tron) Archimedes d3
chirng minh dugc ba tinh chat sau day:

1. Dién tich hinh tron bang dién tich tam gidc vudng ma hai canh géc vuéng
c6 d0 dai la ban kinh va chu vi hinh tron.
2. Dién tich hinh tron bang dién tich hinh vuéng cé canh dai bang dudng
kinh hinh tron nhan véi ti s6 - .
3. Tisb giCra chu vi hinh tron va d6 dai dudng kinh clia né nam giita hai gia
10

tri 3+—va3+—
70

2 Khéng nén [am 1an véi Hippocrates of Cos, ngudi ctia dao Cos, cling |a mot hon dao nhd cla Hy Lap, cha dé cla Y
hoc (I thé Hippocrates cua sinh vién Y khoa khi t6t nghiép).


https://en.wikipedia.org/wiki/Measurement_of_a_Circle

Qua tinh chat th& nhat, Archimedes da dwa bai todn khai phuong hinh tron vé bai
toan “thdng héa” (rectification) chu vi hinh tron, nghia la bai toan dung (hinh hoc)
s6 1. V@i tinh chat thi ba, Archimedes d3 cung cap cho ta mot gia tri khd don gidn
va khd chinh xdcs6m. P lamn= % (= 3,143). Vé tinh chat th& hai, d6 chila hé qua
cla hai tich chat kia ma thoi. Viéc dién tich hinh tron ti 1é thuan véi binh phuong
duong kinh cta né da duoc Euclid néi tdi roi3, & ddy Archimedes chi thém chi tiét

vé hang sé ti lé.
Nhu vay Archimedes van chua dua ra dugc cach dung hinh hoc (thuéc ké va
compa) cta bai todn khai phwong hinh tron. Archimedes cd y mudn nhan bai toan
nay, dua né sang mot 18i ré khac. Trong tac pham On Spirals (vé nhitng dudng
xodn 6c), Archimedes mé ta rang viéc dung ti€p tuyén véi duwdng xoan 6¢ (mang
tén dwong xodn 6c Archimedes) cho phép gidi bai todn “thdng héa” chu vi hinh
tron. C6 nguoi ndi nhu vay la Archimedes d3 giai xong bai toan khai phwong hinh
tron, nhung chinh Archimedes thi phd nhan vi dudng xoan 8¢ cla 6ng va tiép
tuyén cla né khoéng thé dung duwoc bang thudc ké va compa (Theo M.

Chasles, Apergu Historique..., p. 15-16).
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Puong xoac 6¢c Archimedes va ti€p tuyén. Hinh tron va tam gidc OPT ¢ cuing dién tich.

Qua dén thoi ky trung c6 & Chau Au cé nha Todn hoc Franken de Liége (khodng
1020 — 1083) quan tdm tdi bai todn nay. Trong tac pham De quadratura circuli

(khai phwrong hinh tron) xudt ban ndm 1050, Francon gidi bai todn vai hinh tron cé

dudng kinh d = 14 m6t céch cu thé.

3 Eléments d'Euclide, livre X1, § 2.


https://en.wikipedia.org/wiki/On_Spirals
https://fr.wikipedia.org/wiki/%C3%89l%C3%A9ments_d%27Euclide

d=14 a=14

Ong chia hinh tron thanh 44 quat tron (sectors) roi rap lai thanh mot hinh chi nhat
kich thwéca=14vab=11. Nhu vay

14X 11= 154=7°X 1, va do d6 m=="".

Qua thé& ky 17, trong tac pham De circuli magnitudine inventa xuat ban vao ndm
1654, ngudi ta thady nha Toan hoc Christian Huygens (1629 - 1695) cho néi tiép va
ngoai tiép hinh tron béi nhitng da gidc déu, réi tinh dién tich hai da giac ay.
Phuong phap nay dugc cho la do Archimedes da nghi ra, nhung Archimedes khong
di xa hon. Huygens cho ting dan s8 canh cla hai da gidc dé hy vong tim ra dién
tich hinh tron. Tiéc thay, thoi 8y chua ¢ khai niém gidi han, va 6ng bé tac khi déi
dién véi chubi sé vo tan.

cireumscribed

octagon

Bai todn khai phuong hinh tron gidi bang thudc ké va compa con trai qua nhiéu
thang tram nita, nhung twu trung lai cing chi 13 bai toan dung s6 Vit bang thudc
ké va compa. Nguoi ta khong gidi duoc va cling khéng chirng minh duoc la bai
toan khong thé giai dwoc. Phai doi dén thé ky 19.

1.3 Bai toan nhin ddi mot khoi vudng

Bai todn nay con duoc biét dudi tén 13 Bai todn Delian* do ciu chuyén bi tham sau
day. Vao nam 429 trudc TL, cé mét tran dich hoanh hanh & Athens giét chét mét

4 Cu dan cla ddo Delos (Hy Lap) duoc goi 1a Delian.



phan tw dan sé thanh phd. Thién tai kéo dai dai dang, tai di tai lai, nguyén do duwoc
cho 1a than linh doi mang Pericles>.
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Vi tri d3o Delos trong bién Eagea va dau tich dén dai trén dao con lai ngay nay.
(Wikipedia).

Dao Delos nam trong bién Eagea, mo6t phan cta Dia Trung Hai, trai dai tir Hy Lap
cho t&i ddo Crete. D6 [a mot ddo nho, khé cdn, nam & gitta quan dao Cyclades
(cycle = cai vong tron), mdt chom dao ndm vong quanh ddo Delos. Vi cé vj tri trung
tam d3c biét trong quan ddo Cyclades nén nguwdi Hy Lap ¢ dai coi Delos la noi linh
thiéng, va do dé mdi thanh phé trén dat nwdc Hy Lap xay mot ngdi dén danh cho
vi than cla thanh phé cta minh trén manh dat nay. Vét tich dén dai dé v& trén
dao van con nhin thay ngay nay. (Cé thé dén dao nay bang thuyén dé dang, di tir
thanh phé Mykokos gan dé).

Khi tran dich lan tran khdp Athens vao ndm 430 trudc TL, dan Athens c6 gang gianh
lai cudc séng truwdc didu ma ho tin rang 1a sw phan nd cla céc vj than linh. Ho cl
mot phai doan dén dén Delphi, dén nay nam trong dat lién khéng xa Athens I3
bao, dé xin |&i sam truyén cla céc than linh vé s6 phan ctia ho. Sam truyén rang:
“Théan Apollo muén lam gép déi ngdi dén cua minh trén ddo Delos.”

Dan Athens hdm hd xuc tién cong viéc. Ngudi ta lam gap doi chiéu dai, chiéu réng,
va chiéu cao ngdi dén Athenian, noi thd than Apollo trén dao Delos. Nhung bénh
dich van ti€p tuc hoanh hanh. Vi thé& dan Athens lai g&i mot doan dai bidu nira
dén dén Delphi dé xin sdm truyén tai sao than Apollo van con Ién co thinh nd véi
ho va cau xin chdm dit con dich bénh, va du sao ho cling d3 thuc hién ding nhitng

5 Pericles 1a mot vi twéng, mét chinh khach cé tai hung bién va c6 dnh huwdng I&n trén Athens trong thai ky vang
cla Hy Lap (Wikipedia).



gi sdm truyén d3d bao ho phai lam. “Khéng,” sam truyén tra 10i, “cdc nguoi dé
khéng lam ding nhitng gi phdi lam. Héy tr& vé Delos va lam nhitng gi ma thén
linh dé yéu céu.”

Nhirng ngudi tho va kj sw cia Athens mau chéng hiéu ra 1a tai sao ho that bai:
Than Apollo mudn thé tich ngdi dén hinh khdi dugc nhan d6i lén, chir khdng phai
céc canh dugc nhan ddi. Néu ho nhan déi cc canh cla ngdi dén hinh khdi thi ho
d3 tdng thé tich 1én 8 [an vi

2a.2b.2c = 23 abc = 8abc.

Diéu ho can lam dé tang gdp doéi thé tich ngdi dén 13 phai tang chiéu dai, chiéu
rong, va chiéu cao ngdi dén bang cach nhan d6 dai ba canh dy véi thira s6 bang
cdn sé bdc ba cua 2. Chi ¢ cdch nay mdi lam thé tich tang gap d6i [én thoi, vi

V2a.VY2b.Y2c= (i/ffabc = 2abc.

Nhitng ngudi the xay va nhitng ki sw hidu ra rang ho phai quay vé hinh khéi cla
ngbi dén nguyén thdy, dung nhirng dung cu nghé nghiép, nghia I1a thudc ké va
compa, ndi dai ba canh clia ngdi dén bang cach nhan cac d6 dai vdi vai thira s6 1a
cdn sé bac ba cia 2. Nhung ho khéng lam dugrc, va con dich bénh van tiép tuc
hoanh hanh.

Nhu ching ta sé thay, cong trinh clia Pierre Wantzel & thé& ky 19 chitng minh rang
bai toan Delian cla ciu chuyén trén - gap doi thé tich mot hinh khéi cho san ma
chi dung thudc ké va compa — ttre [a bai todn dung hinh hoc mot doan thang ¢
chidu dai bang /2, 1a khong gidi duoc.

1.4 Bai toan tam phan goc

Tam phdn mét gdc la chia géc dy thanh ba géc bang nhau. Ciing nhu hai bai todn
trudc, viéc lam phai duogc thue hién bang thudc ké va compa.

Trudc hét ta nhic lai rang, tir thoi ¢6 dai, ngudi ta da biét cach dung thudc ké va
compa dé chia bat ky mét géc nao thanh hai géc bang nhau (dwng phdn gidc mét
gdc). Hinh vé dudi day cho thay cach dyng bai todn don gidn ay:
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Cach dyng: Cho géc xOy. Dung hai diém A va B trén Ox va Oy sao cho OA = OB.
Dwng mot cung tron tdm A va mot cung tron tdm B clng ban kinh, ban kinh da lén
cho chuing cét nhau tai C. Tia OC |13 phan giac clia géc AOB. O

Viéc chia mot géc bat ky ra thanh hai géc bang nhau qua dé dang khién cho nguoi
ta nghi dén viéc chia mot géc bat ky ra thanh ba géc bang nhau. Ngoai trir mot s&
trudng hop dac biét, nhu trwong hop chia géc vudbng ma ching ta sé néi dudi day,
con trwdng hop tdng quat bai todn chua gidi duwgc mac du trai qua hang ngan ndm
thir thach.

Hippias cGa thanh phd Elis (ndm & phia Tay-Nam Hy Lap), s6ng cung thoi véi
Socrates (thé ky th&r ndm truwdce TL), dugc xem nhu |a ngudi dau tién gidi bai todn
nay va that bai. Ti€p theo sau la danh sach nhiéu nha Toan hoc khéc: Hippocrates,
Archimedes, Nicomedes, Pappus, Leonardo da Vinci, Descartes, Pascal, Leibniz,
Newton, Gauss,... Tat ca ho déu khdng thanh cdng vai hai dung cu thudc ké va
compa (d6i khi ho vi pham luat choi ma khéng biét nhu truong hop Hippocrates
va Archimedes), cho nén ho nghi ra cach khac, trong dé c6 cach co hoc va cach
dva trén nhirng dwong cong méi do ho sang tao ra.

Bai todn nay, cling nhu bao nhiéu bai todn kho khéc, d3 thic day sy phat trién cia
Todan hoc vé nhiéu huéng khac nhau, khac véi muc dich nguyén thay.

Duwdi ddy ta hdy xem mot s6 cach gidi bai todn nay, ding luat choi, hodc nho nhirng
phuong tién khac.

1. Tam phdn goc vuéng.
Day la truong hop dic biét gidi duoc bang thudc ké va compa. Cach giai:

c

Cho géc vudng BAC. Dyng dudng tron tam A cat AB tai E. Dywng dudng tron tam E
cung ban kinh véi dudng tron trede. Hai dudng tron cat nhau tai D. Tam gidc AED
déu, cho nén géc CAD = 30 d6. Chi can chia d6i géc BAD = 60 d6 la xong. O

Sau day chuing tdi gidi thiéu mot s6 cach giai khac cho bai todan tam phan mét géc
téng quat.
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2. Tam phén géc bét ky: cdach cda Hippocrates.

F c E

H

P D B

Cho mot géc BAC (tuy y). Dung CD vudng goc véi AB tai D. Dung hinh chit nhat
ADCF. Trén nira dudng thang FC (vé hudng C) 1dy mot diém E sao cho AE cit CD tai
H v&i HE = 2AC. Khi &y géc BAE bang 1/3 géc BAC.

Chirng minh: Goi G 13 trung diém cla doan thang HE. Hién nhién 13
AC=CG=HG=GE.
Tam giac ACG cén & Cva tam gidc CGE can & G, tlr dé suy ra
CAE =AGC =2GCE =2 BAE. o

RS rang |a viéc chon diém E thda diéu kién trén phai can téi cay thudc cd khdc chia.
Nhw thé 1a vi pham “luét choi”.

3. Tam phén goéc bét ky: cdch cta Archimedes.
L& gidi sau day do ngudi A Rap viét, duoc tim thay trong sach Book of Lemmas
(sdch cdc b6 dé). Nguoi ta cho rang day la 16i gidi ciia Archimedes vi 161 gidi mang
phong céch viét cla Archimedes dp dung trong tdc pham On spirals (V& cdc dwdng
xodn 6c).

Cho géc bat ky dinh A. Dwng duwdng tron tam A cat hai canh clia géc tai hai diém B
va C. Kéo dai duong thang AB vé phia A. Trén phan duwong thang nay ldy mot diém
E sao cho EC cat dudng tron tai F thoa diéu kién EF = AB = ban kinh dwdng tron.
Qua A dung tia song song véi dudng thang EC, tia ndy cat dwong tron tai X. Goc
BAX bang 1/3 géc BAC.

Chirng minh: D& dang thay rang

CEA = BAX
CFA = ACE =2CEA
BAC = CEA + ACE.
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Tlr d6 suy ra dwoc BAX :gB AC . o

Cach chon diém E théa diéu kién EF = ban kinh duwdng tron phai can téi cdy thudc
c6 chia khac (cho cay thudc chuyén déng quanh diém C). Lai vi pham “luat choi”.

4. Tam phén géc bét ky bdang cdch ding dwdng cong conchoid cia
Nicomedes.
Trudc hét ta hdy xem cdch Nicomedes (khodng 280 — 210 truwdc TL) tao ra duong
cong conchoid nhu thé nao.

e Cho mdt duong thang L va mdt diém O khong nam trén dudng thang ay
(xem hinh trén). Qua O vé mot duwong thang di dong, duwdng thang nay cat
dudng thang L tai diém P. Trén dudng thang di dong dy dung céac diém Q
va R sao cho PQ = PR = d, mdt do dai cho sdn. Khi dudng thang di dong
quay quanh O thi tap hop cic diém Q va R tao thanh dudng cong goi la
conchoid Nicomedes. O goi la cuc va duwong thang L |a tiém can cta dwong
cong conchoid.

Pudng cong nay gdm hai phan riéng biét, tiém can véi duong thang L va
nam hai bén dudng ay. Trong phan sau ta chi chl y d&n phan & phia trén,
quy tich cia diém R (d8i dién véi diém 0).

e  Cach tam phan mot goc nho duwong cong conchoid (xem hinh trén):
Cho mét goc AOB tuy y. Dung diém L trén canh OB v&i OL :g (d la mét do
dai cho sdn). Dung duwdng thang m qua L vudng géc vdi OA. Dudng thang
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qua L vudng gdc véi m cat dudng cong conchoid (cuwrc O, tiém can m va hang
s6 d) tai C. Khi 8y géc AOC bang 1/3 géc AOB.
Chirng minh: Goi N 13 giao diém cla OC va m, va M la trung diém cta NC.
Ta co:

oL = % (do cach dung).

LM =MN = MC:% (do dinh nghta clia conchoids va do tam giac CLN
vudng & L). Suy ra:

LOC =LMO =2LCO =2 A0C.
Do d6 AOC =1/3 A0B. O

R6 rang |a céc cach tam phan mot gdc bat ky theo kiéu Hippocrates, Archimedes,
hay la dung duwdng conchoid cla Nicomedes déu ding nhuwng khdong tuan thid “luat
choi” nghta 1a dung thuwdc ké va compa. C6 thé ho da nghi hét cdch ma khdng lam
duogc nén phai sang tao ra cach riéng dé giai bai todn nay. Vé sau con nhiéu nd
lyc nita cha nhiéu nha Todn hoc cac thé hé nai tiép cling khdng lam dugc, cho nén
ho d3 nghi ra nhiéu céch khac nhau nita, va nhu thé€ Todn hoc cé dip phét trién.

II.  Khai niém vé trwéng, tred'ng cac sd
dwng duwoc — Pinh ly Wantzel

Trong phan dudi day, ching téi s& trinh bay vai nét chinh vé truong (field), truong
mé réng hitu han, trudng cdc sé dung durgc va phat biéu dinh ly Wantzel. Sau dé
chung téi s& 4p dung dinh ly nay dé gii thich tai sao ba bai toan ¢ Hy Lap khéng
thé giai dwoc bang thudc ké va compa.

2.1 Truwong la gi?

e C6 mot tap hop khong rong trén dé cé hai phép toan cdng (+) va nhan (.) nhu
hai phép todn thong thuwong trén tap hop cac s6 thwe. Mdi mot phan tlr a cé
mot phan tlr d6i xirng déi véi phép cdng, ghi la —a, va néu a # 0 thind sé cd
mot phan t& nghich dao, ghi 13 a1. Piéu nay cho phép thiét 1ap hai phép todn
khac nhu sau:

a—-b=a+(-b): phép tru.
a.b=a.b?: phép chia.
Ngudita néi tdp hop da cho cung véi hai phép todn cong va nhan dy tao thanh
mot trwong.

e Hai trwdng ma ching ta thuwdng gap nhat la trudng cac s6 thuec R va tredng
cac s6 hitu ty Q. Ngoai ra ta biét rang
Q cR,
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ta n6i Q 1d mét trrdng con cla trwdng R. Chung ta cling y rang, tp hop cac s8
nguyén Z trang bi hai phép toan cong va nhan nhu trén khéng phdi la mét treong
(via € Z nhung a¢ Z khia # +1).

2.2 Trwong mé rong la gi?
e Coitap hgp duoc xac dinh nhu sau:

Q (vV2)={a+bV2 /a,beQ}.

Thidunhu 0,1, g V2, -4 +3+2 deula nhitng phian tlr cla tap hop ay. Téng va
tich cha hai phan t& bat ky cda tp hop 8y cling 1a mét phan tlr cda tap hop ay.
Chang han nhu:

(1+2V2)+ (-4 +3v2)=-3+5/2 € Q (/2).
(1+2V2).(-4+3v2)=8-5V2 € Q (+/2).
Tap hop 8y cb cau tric cha mot tredang. Ngoai ra, ta co:
QcQW2)cR
Ta néi Q (v/2) 1a mot trudng mé rong cla trudng Q.

M3t khac V2 12 nghiém cua da thire bac hai x2 — 2 va dé 13 da thire don gian nhat
vGi hé s6 hitu ty ¢ tinh chat nay. Ta néi Q (V2) 1a truong mé réng béc 2 cla

trvong Q. Taviét [Q (V2): Q] = 2.

Tuong ty nhu vay, Q (3\/7) la trwong ma réng béc 3 cla trwong Q vi V213 nghiém
cla da thirc bac ba x> —2. Ta viét:

[Q (V2): Q] =3.

e Baygio ta xét tap hop
Q (V2V3) =Q (v2) (V3)

={a+bV2 /a,beQ (V2)}

={a'+bV2+cV3 +dV2.3 /ab,c,d €Q].
Nguoi ta chirng minh duoc ring Q (vV2,v/3) 1a mot mé rong bac 2 clia Q (v2). Ta
c6 thé viét:

QcQ(W2)cQW2V3)CcR,
va ta co:
[Q (vV2): Q] =2va[Q (V2,v3): Q (v2)] = 2,
[Q (V2+/3): Q (2)]. [Q (vV2): Q] = 4.
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Mot cach tong quat, ta ¢ dinh ly sau day vé bac cia md rong trudng:

BDinh ly 1.
Néu M la mét trwdrng mé réng hitu han cua trwdng L va N Id mét truedng mé réng
hitu han cua trwong M:
LcCMCN
thi N la mét trieong mao réng hitu han cda trwong L. Béc cla cdc mao réng thoa
céng thuc:
[N:L]=[N:M] X [M:L].

Thi du:
QcQ(vV2) cQ (V2V3),
[Q (V2V3): Q] =[Q (V2V3): Q (VD). [Q (V2): Q] =2 x 2 = 4,

2.3 Truong cac s6 dung duworc.

e MO0t sd thue a dugce goi la dwng dugc (constructible) khi ngudi ta ¢ thé dung
dwoc mot doan thang cé chiéu dai |a| tir doan thang cé chiéu dai bang 1 (don
vi chiéu dai) sau mét s6 budc hitu han thuc hién bang thuwdc ké va compa.

e Tat ca cac s6 nguyén déu dwng duoc. NEu hai s6 a va b dwng duoc thi tong
cla ching a + b, tich clia ching a.b déu dung duoc.

Step 1 Step 2 Step 3

Hinh trén cho thay cich dung tich a.b khi a va b 1a hai s6 dung duoc.

Ta kiém chirng duoc rang tdp hop cdc s6 dung dwoc la mot trwdong con cla
trwong sé thue R.
Ngoai ra nhitng s6 thuc V2, V3,...déu dung duoc (xem hinh dudi):

1

MOt cach téng quat: S6 a dwng duroc néu va chi néu sé va dung duoc.

oSG daiséla gi?

Cac s6 nguyén, cac sé hitu ty déu I nghiém cda nhij thirc cd hé s6 hiru ty. Ching
la nhitng sé dai s6 c6 béc nhdt.
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Cac s6 V2, V2 Ian lwot 1a nghiém cla cac da thire x2 — 2 va x3 — 2 va d6 1a nhitng
da thirc vdi hé sb hitu ty don gidn nhat. Ching la nhirng s6 dai s6 ¢d bdc 2 va 3.
Ngudi ta chirng minh duoc rang tdp hop cdc sé dai s6 1o mét trwrdong con cla
truong sé thuc R.
Nam 1882, nha Todn hoc Burc Ferdinand von Lindemann (1852 — 1939) chirng
minh duoc rang s6  khéng phdi lad mét sé dai s6 (s6 siéu viét).

2.4 Pinh ly Wantzel.

Le théoreme de Wantzel

Pierre-Laurent WANTZEL
Paris 1814 — Paris 1848
E.P. 1832, Ingénieur des Ponts
et Chaussées, enseignant a
I’Ecole Polytechnique et a

I’Ecole des Ponts. Premiére publication
mathématique en 1929. « Théoréme »
publié en 1837 dans le Journal de Liouville

Pierre Wantzel (1814 — 1848)8, ki sw cau dudrng khda ndm 1832, gidng day tai
trwong Bach Khoa va trudng Cau Pudng. Cong bd cac tdc phdm Todn hoc lan
dau tién vao nam 1829 (15 tudi). Dinh ly Wantzel duwoc cdng b6 vao nam 1837
trén t& Journal de Liouville’. (Wikipedia).

Dudi day 1a dinh ly Wantzel dugc phat biéu duwdi dang ngén ngi¥ ly thuyét trudng
md& réng. Thoi cda Wantzel chua cé ly thuyét nay, Wantzel tinh todn théng qua
Hinh hoc va Dai s6 c6 dién (c6 thé xem thém dé biét cach giai quyét van dé mot
cach tuyét voi cdia Wantzel trong A Brief History of Impossibility do Jeff Suzuki viét).

Dinh ly 2 (Wantzel).
M6t s6 a la dung dwoc néu va chi néu tén tai mét sé hitu han mé réng trudrng béc
hai
Q=KOCK1C...CKr
saochoa € Kr.

6 Ong nay cung thoi véi Augustin Cauchy (1789 - 1857) va Evariste Galois (1811 - 1832). Nhitng nam 1830, Cauchy
dang day & DH Bach Khoa.

7 Bai bdo c6 tiéu dé: Recherches sur les moyens de conna ftre si un Probléme de Géométrie peut se résoudre avec le
régle et le compas (Nghién ciru cdch nhdn biét mét bai todn Hinh hoc cé thé gidi dwoc bdng thudc ké va compa).
N3m 1837, Wantzel méi 23 tudi.
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C6 thé chirng minh dinh ly nay dwa trén dinh ly 1, nhwng khéng don gian nén ngudi
viét bo qua. C6 thé xem chirng minh day dd & Exo 7. Géométrie. Cours de
Mathématiques, Universite de Lille.

Hé qua:

Moi s6 duwng duoc déu la sé dai sé cé béc dang 2" véi s6 nguyén n > 0.

2.5 Ap dung.

Bay gi® ta c6 thé ap dung duoc dinh Iy Wantzel va hé qua nay dé chirng minh ba
bai todn c6 Hy Lap 1a khong thé giai dugc bang thudc ké va compa.

Pinh ly 3.

Bai todn khai phwrong hinh tron la khéng thé gidi dwoc bang thudc ké va compa.

Chirng minh:

Goi a la canh hinh vudng va r 1a ban kinh hinh tron.
aZ=mr?
a=nr/m.

Do 1 khdng phai 13 s6 dai s6 nén v/t khdng phai la s dai s6. Theo hé qud trén, Vi
la s6 khdong dung dugc. O

Pinh ly 4.
Bai todn nhdn déi thé tich mot khéi vudng la khéng thé gidi dugc bdng thudc ké
va compa.

Chi&ng minh:
Bai toan nhdn déi thé tich mét khéi vubng 1a bai todn dung s6 V2 . Day la sb dai
s6 ¢b bdc 3, khdng thé c6 dang 2", do d6 khéng phai la sé dwng dugc. O

Pinh ly 5.
Bai todn tam phdn mét gdc la khéng thé gidi dwoc bdng thudc ké va compa.

Chirng minh:
Ta chi can dwa ra mét trudng hop bai toan khéng gidi duoc la dd. Lay goc 0 = 60°.
Cong thirc nhan ba lwgng gidc:

cos 0 = 4cos? g —3cos g.
V@i x = cos g = cos 209, ta cé phuong trinh:
%= 4x3—3x hayla 8x3-6x-1=0.

Nghiém cha phuong trinh nay |a sé dai sé bac 3, khdng thé cé dang 2", do d6 khdng
phai la s6 dung dugc.

Nhu vay x khéng dung dwoc nén g =20° khéng dung dugc. O
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