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C& b&n ndm mét 1an, cdc nha Toadn hoc thé gidi hop lai véi nhau. Cudc hop duoc goi
la Pai HOi Cac Nha Todn hoc Thé gidi (International Congress of Mathematicians).
Mot trong nhitng muc dich cta Pai Hoi la cdng bd tén cha cdc nha Todn hoc tré dudi
40 tudi, gidi nhat, trién vong nhat dé trao ting Huy chuong Fields, mét loai phan
thudng danh gia thuong duwoc goi la Nobel Todn hoc, kém mot s6 tién thuwdng khong
|&n 13m (d6 15 ngan dollars). S6 ngudi dugc giai moi ky khdng qua bon. Nam nay,
nam 2018, Dai Hoi dugc té chirc tai Rio de Janeiro, Brazil. Ngay 1 thang 8 nam 2018
vira qua tén cia bén nha Toan hoc tré xuat sdc da dwoc cong bd, do la:

Caucher Birkar, Alessio Figalli, Peter Scholze, va Akshay Venkatesh.

(theo th ty abc cla ho - family name)



Caucher Birkar!

Caucher Birkar (40 tudi).

Sinh ra va 1&n |én & mot viung qué mién Tay nuwdc Iran, thudc khu vye cia nguoi
Kurd, Caucher Birkar cé con dudng riéng that gian nan mdi tim téi duwoc vinh
quang. Trong cau lac bd Toan cla sinh vién & dai hoc Tehran, Caucher Birkar
thudng ngdm hinh nhitng nha Toan hoc tré duwoc Huy chuong Fields treo trén
tuwong va ty hoi: “Co bao gior minh dwoc gdp nhirng ngudi nay khéng nhi ?” Thoi
ay Birkar cling chua hinh dung ra dugc mét ngay nao dé minh duoc sang mét
nuwdc Tay phwong, néi gi dén chuyén gap duoc nhirng ngudi cao sang kia. Chuyén
that vién vong.

Trong mot can nha nho & ngoai 6 Cambridge, nuwdc Anh, me cla Birkar tam su.
Gia dinh ba dugc dwa dén day hon 20 ndm trudc trong chuong trinh nwdc Anh
cuwu mang nhitng ngudi ty nan chién tranh Iran-lraq. Qué huong cla gia dinh ba
& Marivan, mét lang nho trong ving nidi non tan mién bién gidi Iran-Iraq.

Caucher Birkar sinh nam 1978, la dira con thi ba trong gia dinh cé sau con. Gia
dinh Birkar sdng nh& ddm rudng trong lGa mi, chan nudi vai con bo sita va mét con
ngwa. Tiéng sung clda cudc cach mang Ho6i gido 1979 d3 vang vong vé tdi lang,
nhung khéc liét va chét chdc nhat |a cudc chién Iran-Iraq ti€p sau do.

Cha cda Birkar biét chut it chit nghia nhung me ctia éng thi khéng mét chit nao ca.
May anh chi em Birkar dwoc di hoc trudng lang. Dau khoang |&p ndm, Birkar bat
dau cha y tdi Toan. Birkar ké: “Téi cdm thdy cé mét cdi gi dé la la trong téi. Téi

1 Phat 4m theo ti€ng Kurd thi t&n ca dng cé nghia la ngudi ty nan.



€6 cam gidc t6i thich Todn va khd mén nay hon cdc ban clung I6p. Haidar, ngudi
anh Ién cda téi chinh la ngudi gidi thiéu mén Calculus vdi téi qua sdch vé anh dy
mang vé.” Birkar con néi thém rang cling chinh Haidar day rang kién thirc rat quan
trong cho cudc séng tuong lai.

Lén dén Trung hoc thi ki€n thirc Toan cla Birkar d3 vuot qua anh minh, chang d3
tw hoc Toan theo cach riéng cia minh. Birkar dd muon tir thuw vién nha truong
hai cudn sach ndi ti€éng Men of mathematics va What is Mathematics? va doc sudt
dém nay sang dém khdc, vira doc vira nghe nhac — théi quen ma Birkar van con
gitt cho t&i nay. Birkar nghi rang sach hay va cac nha Toan hoc that dang ngudng
mo, nhung doc khong thi chwa du, phai lam mot cai gi maéi hon nhitng gi cac nha
Toan hoc da lam.

Nhi*ng ndm cudi cap ba, Birkar bat dau gidi nhirng bai Toan khé va viét chirng minh
theo cach clia minh réi g&i dang & nhitng tap chi gido duc Todn. Sau nay chang
biét rang nhirng 1&i gidi va chirng minh cla chang khéng cé gi mai, nhiéu nguoi di
trudc da lam rdi. Phai hoc va lam céi gi khac hon.

DPang hoc ndm cudi & Pai hoc Tehran, gia dinh Birkar dwgc cho qua Anh ty nan
chién tranh, theo chinh sach danh cho nhirng dan téc thiéu s ma chinh phd Anh
bado tro. Birkar ghi tén hoc tiép tai Dai hoc Nottingham.

O Pai hoc Nottingham, khéng cé gido su chuyén vé Hinh-Dai s6 (Algebraic
Geometry), bd mén chang rat thich theo dudi. Gido suw ¢ van cla chang, gido suw
Ivan Fesenko, khuyén chang ct tiép tuc hoc & day cho dén khi t6t nghiép, trong
khi d6 van cé thé ghi tén hoc thém bd mén nay & mot trudng ngoai. Nam 2002,
trong mét cudc héi thao tai Dai hoc Cambridge, Birkar gdp Vyacheslav Shokurov?,
hién nay la gido sw Toan & Pai hoc Johns Hopkins, Hoa ky. Thoi gian dy, Shokurov
dang nghién ctru vé Hinh hoc lwdng hitu ty (birational geometry), mét nganh nho
cla Hinh-Pai s6 ma it ngudi quan tam tdi vi vai chuc ndm nay nganh nay hau nhw
dirng yén, khéng cé gi mai dwoc phat hién. Nhiéu ngudi da bd nd tim sang nganh
khdc. Shokurov la mét trong sé it nguwdi con lai, va éng d3 phat hién ra Birkar 13
mot tai ndng rat hiém, cé nhiéu trién vong trong nganh. Ong hy vong, clng vdi
Birkar, 6ng sé& lam séng lai nganh nay. Nam 2004, tét nghiép Tién si xong, Birkar
vé Dai hoc Cambridge.

2 Men of Mathematics |a cudn Lich sl todn néi tiéng cla Eric Temple Bell, con What is mathematics 1a cuén sach
nai vé qua trinh phat trién Toan hoc cung 13 nhi*ng ndi dung chinh clia Todn hoc, cla Richard Courant va Herbert
Robbins.

3 vyacheslav Shokurov (sinh ndm1950), nha Todn hoc nguwdi Nga, hién 13 gido su Dai hoc Johns Hopkins, Hoa ky.
Ong duoc biét nhu la mdt nha Hinh-Pai s c¢é nhigu déng gép cho viéc chirng minh dinh Iy Noether-Enriques-Petri
va phat hién ra nhiéu tinh chat méi cla da tap Fano.



Trong phong lam viéc, Birkar treo trén tuwdong hai tdm hinh cla Alexandre
Grothendieck, nha Toan hoc than twong ctia minh. Ong nay cling [a mot ngudi ty
nan —ty nan Dirc Qudc X3 — va la nha Toan hoc kiét xuat cta hau ban thé ky 20, cé
anh hudng rat 1dn trong viéc phat trién nhiéu nganh cta Toén hoc hién dai, trong
dd c6é nganh Hinh-Dai s8. Cha cla Grothendieck la ngudi Nga, me ngudi Blrc con
Grothendieck |&n 1én va lam viéc trén dat Phap. Cling nhu Grothendieck, cha cla
Birkar |a ngudi Kurd, me ngudi Théi, hién 6ng sinh séng va lam viéc trén nudc Anh.

Dai s6 nghién clru vé phuong trinh, con Hinh hoc nghién ctru vé hinh dang vat thé
todn hoc. Hailanh viyc tuy khac nhau nhung déi khi lai cing xem xét chung vé mét
van dé. Thi du nhu néu ta vé& tap hop nghiém cha phuong trinh dai s6y = 2x - 3
trong mot mat phang ta sé duwoc mot duong thang, mot vat thé hinh hoc. Néu ta
mudn xac dinh nghiém chung cla hai phuong trinh daiséy=2x—-3vay=3x+5,
ta c6 thé tim qua cdch gidi dai s& hodc cling cé thé vé tap hop nghiém cla ching
roi xem xét giao diém. Phuwong trinh tuyén tinh 13 trwdng hop don gian nhat cda
phuong trinh dai s6. Con rat nhiéu loai phuong trinh khac nira. Ching cé thé
chira moét an s6 (bién s8) hodc nhiéu an s8, ching cling cé thé c6 bac cao hon bac
nhat. Ta cé thé nghi dén tap hop nghiém clia mét hé phuong trinh. Tap hop nay
s& dwoc goi la mot da tap dai s6 (algebraic variety).

C6 vo s8 da tap dai s6, chung tao thanh mot hon tap vat thé toan hoc. Céc nha
Toan hoc muén thiét 14p mét trat tw nao do trén tap hop &y, cling giéng nhu trong
Sinh vat hoc nguwdi ta phan loai cac sinh vat theo 1dp, theo nganh dé dé nghién ctru

A

vay.

Trong Hinh hoc luéng hitu ty ngudi ta bién déi cac da tap dai s6 sao cho ngudi ta
c6 thé phan loai dwoc ching. Mot cach hinh tugng, dé 1a mot cudc “phau thuat”
(a type of surgery). Ta bat dau bang mét da tap dai s& véi mét thudc tinh riéng
cla né. Ta cat bd phan nay, 1dm cho tron phan kia, réi cudi cing né s& cé mot
dang chung nao do (a generic form). Cac viéc lam trén di nhién phai tuan thi mot
s6 qui dinh dé& khdng l1am bién mat ban chat cla da tap dai s6 ban dau. Sau khi
chiu “giai phau” xong, cac da tap trudc day khac nhau, gid xem nhu gidng nhau:
ching dugc xép cung mot 1&dp goi 1a I6p Iwdng hitu ty twong duong.

Dai khadi cé ba I6p ludng hitu ty twong duwong: 1&p da tap Fano?, |&p da tap Calabi®-
Yau®, va |&p da tap téng quat, mbi [&p cd mot dod cong riéng: duong, zero, va am

4 Gino Fano (1871 — 1952), nha Toan hoc ngudi Y, cha dé ctia Hinh hoc hitu han.
5 Eugenio Calabi (sinh ndm 1923), nha Toan hoc My, géc Y, gido su DH Pennsylvania, My, chuyén gia vé Hinh vi
phan, phuong trinh dao ham riéng va 4p dung.

6 Shing-Tung Yau (sinh ndm 1949), nha Toan hoc My, géc Trung Hoa, Huy chuwong Fields 1982, gido sw DH Harvard,
chuyén gia vé Hinh vi phan, Todn-Vat ly.



theo thir ty. Cac nha Toan hoc hy vong rang cé thé xép bat c* mot da tap dai s6
nao vao mot trong cac 1&p trén thdng qua cac phép bién d6i lwdng hitu ty.

Thuong Birkar lam nhitng bai toan quan trong trén ban an, lam viéc mot minh.
Thinh thodng 6ng di qua di lai suy nghf, réi lai ngdi vao ban udng hdp tra, trong khi
tiéng nhac c6 dién hodc 161 ca thoi thwong clia mot ca si ngudi Kurd van vang 1én
nhé nhe trong phong. Sau vai gio nhu thé, dng 1ay xe dap chay vong vong, vay tay
chao vai ngudi hang xdm gap trén dudng.

Né&u nhin bé ngoai, ta thay cudc sdng cla Birkar c6 vé nhan nha. Ndm ngodi ng
va gia dinh vé Thai Lan tham qué vo (me rudt va vo cla Birkar déu la ngudi Thai).
Mét bira trua, ba me vo kéu vo Birkar lai hdi: “Chéng may né lam cdi nghé gi ma
tao thdy nd ct¥ nhin chdm chdm vao cdy xodi ngoadi vuwron subt vay?”

Christopher Hacon’, ngudi doc bai dién van gidi thiéu Birkar truwdc Dai Hoi Cac Nha
Todn hoc Thé Gidi ndi: “Birkar c6 strc lam viéc ménh liét khi 6ng tdn céng vao cdc
vdn dé khé nhét. Ong déd sdng tao va ché ngu dugc mot s6 ki thudgt dé dat duroc
nhiéu két qud cao trong ldnh vic Hinh hoc lwéng hitu ty.” Trong lanh vuc da tap
dai s0, Birkar dang di vao nghién ctu cdi dwoc biét dudi tén goi la chwong trinh
méu cure tiéu (the minimal model program). Muc dich cla cong viéc |3, théng qua
cac phép bién doi lwvdng hitu ty, dwa bat cr mot da tap dai s6 nao vao mot trong
ba |&p twong duwong lwdng hitu ty nhu da ndi & doan trén.

Thuec ra chuong trinh mau cyec tiéu d3 cé tir hon 100 ndm trwdc khi mot nhém céc
nha Todn hoc ngudi Y phan loai duorc, trong khong gian 2 chiéu, cac da tap dai s6
v3i 3 bién s6. Méi day, vao thap nién 1980, Shigefumi Mori® d3 lam duoc viéc nhu
cac nha Toan hoc Y nhung trong khong gian 3 chiéu véi cac da tap dai s6 4 bién
s6. Sau Mori, 13nh vire nghién ctiru Hinh hoc lwdng hiru ty dirng lai hon mudi ndm
vi khéng cé thém mot két qua nao madi ca. That la mot thir thach qua gian nan khi
budc 1én khdng gian cao chiéu hon vai da tap nhiéu bién sé hon.

Shokurov 1a mét trong nhitng ngudi bi bé tac trong 13nh vyc ndi trén sudt trong
nhitng ndm 1990. Tuy nhién éng khong boé cudc. Nh& nhitng nd Iy phi thuwong
cla Shokurov va mét vai cong sy vién ma Hinh hoc ludng hiru ty séng lai dau thap
nién 2000. R&i nhiéu thanh qud md&i xuat hién trong viéc phan loai bat c& da tap
dai s6 nao, trong khdng gian co chiéu tuy y. Chinh Birkar cé vai tro trung tdm trong
giai doan nghién cltu nay, chung quanh la cac ngbi sao sang nhu Christopher

7 Christopher Hacon (sinh ndm 1970), nha Toan hoc cé qudc tich Anh, Y, va My, trwéng khoa Toan DH Utah, chuyén
gia vé Hinh-Dai sd.

8 Shigefumi Mori (sinh ndm 1951), nha Todn hoc ngudi Nhat, Huy chwong Fields 1990, gido sw DH Kyoto, chuyén
gia vé Hinh-Dai s8. Hién 6ng dang 1a Chu tich H8i Todn hoc Thé gidi (The International Mathematical Union).



Hacon, James Mc Kernan thuéc Pai hoc California, San Diego, Paolo Cascini thudc
DPai hoc Imperial College London.

Ddong gbp 1dn nhat cha Birkar 13 hai bai nghién ciru cdng b6 vao ndm 2016 lién
quan dén ban chat dac biét cia da tap Fano. Qua dd Birkar d3 chirng minh duorc,
théng qua mét qua trinh bién déi ludng hiru ty, cdc da tap Fano tao thanh mot ho
duoc xac dinh b&di mot sé rat hiru han dac tinh.

C6 thé néi mot cach don gian rang vo s6 nhirng da tap dai s6 cé thé dugc xac dinh
b&i mot tap hop hitu han cac dac tinh. Birkar néi: “Sw hitu han & déy that la quan
trong vi ta ¢ thé ding sw hitu han dé ndi vé bét cur cdi gi vé han.” D6 qua thuc
dé la budc tién vo cung I&n trong 13nh vee phan loai da tap dai s6. Birkar con noi
thém rang it ra 6ng d3 dem lai cho dan tdc Kurd thiéu s& khén khé clia dng mot

nu cuoi.
3K 3K 3K 3K 3k 5k
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Chuyén bén lé:

Chiéc huy chuvong ma Birkar nhan duwoc vai tiéng dong ho truwdc, da bi mat cap.
Ban t6 chirc Pai Hoi d3 cé bang ghi hinh va hra sé dung moi cach dé thu hoi chiéc
Huy chuong Fields tra lai cho Birkar. Bao chi cé dip lam 6n ao tin nay, nhat 13
nhirng to bao dai chdng. Trong khi d6 ho it quan tam t&i nhirng thanh tyu Toan

hoc cia nhitng nguoi dat giai.
%k 3k %k sk ok



Duwdi day la lwge d6 duwoc don gian hda gitp déc gid hinh dung nhirng gi Birkar d3
lam (xin khong dich):

Sorting Algebraic Curves Into Families

Seemingly dissimilar algebraic equations can be organized into neat families

(with a little nudge from birational geometry).

Algebraic Geometry
Algebra, the study of equations, ks
can be translated info geometry,

the study of shapes, and vice-versa.

Algebraic Families
A family

An algebraic family consists of equations
of equations

that can be defined by a small number
of common characteristics. Here, lines
passing through the origin can be

parameterized by the points on a circle.

Birational Transformation

Algebraic equations don't always form neat families on their own. A slight
modification called “birational transformation” can show that seemingly
unrelated equations belong to the same family.

Original Transformed Original Transformed

-~ 0-0

A birational transformation

A curve close to the origin but not exactly is a form of minor surgery in which
running through it might be unknotted curves are smoothed in order
in order to fit into the family. to sort equations into classes.

Seeking Fano Varieties
Caucher Birkar used birational transformations to show that geometric objects

called Fano varieties create neat families in every dimension.

08000 -0 1— @

@ start with @ Tweak them © The resulting @ These Fano
many distinct with birational shapes all have varieties form an
shapes. transformation. positive curvature — orderly family, like the
a defining characteristic  family of lines passing
of Fano varieties. through the origin.

In addition to Fano varieties, algebraic varieties come in two other flavors:
Calabi-Yaus (which all have flat curvature) and varieties of general type

(which all have negative curvature).

KHERKFX*



Alessio Figalli

Alessio Figalli (34 tudi).

D6 la mot thanh nién dep trai, cao I&n, dn mac rat thoi trang, thich di day di do,
dn ndi hoat bat, giong ndi dic sét 4m diéu La M3 véi chit R rung 1én & dau ludi.
Ngudi ta khdng nght 1a dang dirng trudc mot trong bén nha Toan hoc tré xuat sac
nhat vira dugc trao tang Huy chuong Fields cao quy trong ky Dai Hoi Cac Nha Toan
Hoc Thé Gidi t6 chirc tai Rio de Janeiro, Brazil, ngay 1 thang 8 nam 2018 vira qua,
ma la ding trwedc mot dién vién dién anh Hollywood.
Alessio Figalli, 34 tudi, hién 13 gido su tai Vién Cong Nghé Lién Bang Zurich, Thuy
St (Swiss Federal Institute of Technology Zurich). Cho td&i nay, Huy Chuong Fields
la dinh cao nhat trong mdt chubi giai thwéng ma nha Alessio Figalli da dat duoc:

e Giai Peccot 2012

e Giai EMS 2012

e Huy Chuong Stampacchia 2015

e Giai Feltrinelli 2017

e Huy Chuong Fields 2018

Figalli sinh & La M3 nam 1984, cha la gido su Ky thuat, me la c6 gido day Van
chuwong ¢d dién. Ciling nhw da sé tré con, héi con nhé Figalli thich choi da banh,
coi phim hoat hinh, ban bé dan ddm. Cham ngén cta chang |a hoan t4t bai & nha
nhanh nhat va tét nhat, dé danh nhiéu thdi gian nhat dé choi. Chang noi: “Phdi
téi wu hdéa, nghia la lam dwoc cdi tét nhdt ma it tén kém nhét (thoi gian, ndng
lwgng).”



Figalli thich Toan tir khi 1a hoc sinh Tiéu hoc, nhung chang chi coi Toan & trudng
nhu tro choi, lam bai khéng can phai ton nhiéu cong strc va thoi gian.

Hoc sinh Trung hoc cap ba & Y dwoc chon ghi danh vao 16p Khoa hoc (Toan, Ly,
Hdéa, Cdng nghé) hodc I&p C6 dién (Van chuong, Nghé thuat, Xa héi). Figalli thich
Khoa hoc nhung cha me chang thich chang hoc C6 dién. Chang xin phép nha
truong ghi tén vao ca hai (dac cach). Chang ndi véi cac ban: “Tai sao khéng? Bén
C6 dién nhiéu ban gdi hon.” Figalli thyc sy thich hoc Todn va hoc nghiém tuc &
nam cudi bac Trung hoc. Theo 1&i khuyén clia mot gido vién Todn trong truong,
Figalli ghi tén vao cau lac bd Todn dé luyén thi Olympiad, mét ky thi todn d6 danh
cho hoc sinh trung hoc trén toan thé gidi. Chang thich thi vi & day cé nhiéu bai
todn day thach thirc khdong cé trong 16p hoc.

Hét Trung hoc, Figalli thi ddu vao trwdng Scuola Normale Superiore of Pisa (Truong
Su pham Cao cép Pisa), mét loai truedng Dai hoc Khoa hoc chon loc danh cho sinh
vién c6 nang khiéu. Vao day chang mdi thay nhirng ndm vira hoc vira choi & Trung
hoc d3 dé lai cho chang nhiéu 16 héng trong kién thirc, tham chi dao ham mot ham
s6 chang con chua tinh dugce ranh ré. Nhung khdng hé gi, Figalli 14y lai kién thirc
cli va ti€p thu kién thirc mdi rat nhanh.

Tot nghiép Master ndm 2005, ndm sau - nam 2006 - Figalli dugc chdp nhan sang
Ecole Normale Supérieure de Lyon (Truwong Su pham Cao cap Lyon) lam Tién si,
dudi su hwédng dan cla Gido suw Luigi Ambrosio va nha Toan hoc tai nang Cédric
Villani®. Chi trong mot thoi gian ngan, thang 10 ndm 2007, Figalli d3 bdo vé thanh
cong luan an Tién si cla minh°. Ngay ca khi chwa cé bang Tién st (thdng 9 ndm
2007), 6ng ciing da dugc nhan vao Trung tam Nghién clru Khoa hoc Phap (CNRS).
Thang 10 nam 2008, 6ng la giang vién tai Trung tdm Todn hoc Laurent Schwartz
(truwdng Bach Khoa Paris). Tir thang 9 ndm 2009 dén thang 8 ndm 2016, dng la gido
su tai Dai hoc Austin, Texas. Hién nay 6ng la gido su tai Vién Cong Nghé Lién Bang
Zurich, Thuy ST.

Trich l&i khen cua Uy Ban Tuyén chon Pai Héi Todn hoc Thé gidi: “Tdng Huy chuong
Fields cho Alessio Figalli vi nhitng déng gép vao ly thuyét vén chuyén téi wu va
nhitng dp dung cua né vao ldnh vuirc phuong trinh dao ham riéng, Hinh hoc metric,
va ly thuyét xdc sudt.”

9Na&m 2010, Cédric Villani dugc ting thwdng Huy chuong Fields (cung dot véi Ngb Bdo Chau, Viét Nam). Xem day
chuyén sau: Figalli (Fields Medal 2018, hoc tro cla Villani), Villani (Fields Medal 2010, hoc trd cda Pierre-Louis
Lions), Lions (Fields Medal 1994).

10 Nhé& lai cdu chdm ngdn tir khi cdn nhé cla Figalli: “Lam dwoc cdi tét nhdt vdi it tén kém nhdt (thoi gian, ndng
lwong).”
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Ly thuyét van chuyén t6i wu - nhu tén cta nd - 1a tim ra cach tét nhat dé di chuyén
phan ph6i mét s6 do vat tir noi nay sang noi khac.

L4y mot thi du dé hiu nhu sau. Ta c6 mot s& md vang va mot sé ngan hang (dé
cho dé&, s6 mo vang bang s6 ngan hang). Ta muén van chuyén vang khai thac dugc
dua vé cat an toan tai cdc ngdn hang. Van dé cla chung ta |1a vé ra duwong di tir
mo vé ngan hang sao cho céng viéc cé két qua t6t nhat (Iap mot ban do).

R& rang cach nado la cich tét nhat con tuy thudc vao muc dich cta anh. Né&u anh
mudn lgi duwdng di nhat thi anh chi can tim cach vé duong di tir md vang vé ngan
hang sao cho t6ng khodng cach ngan nhat. Nhwng néu anh mudn Igi vé thoi gian
thi chwa chac ban d6 véi téng dudng di ngan nhat s& tuong ng véi giai dap loi
nhat vé thoi gian (tuy vao chat lvgng dwdng doan nay doan khac). Mét cach tdng
quat, khéng phai 1a bai toan don gian khi cac bién sé tham gia nhiéu lén.

Ngudi dau tién nghién ciru bai todn van chuyén mét cach cé hé théng la Gaspard
Monge (1746 - 1816), nha Toan hoc va ciing la ngudi cé van than can cta danh
tuwdng Bonaparte Napoléon. Pau nhitng ndm 1790, Monge va mét sé nha Khoa
hoc cé mat trong doan quan vién chinh Bac Phi clia twéng Napoléon. Monge chiu
trach nhiém viéc xay dwng don, thanh Itly & nhitng viing dat maéi. Ong dirng trudce
bai todn van chuyén tdi wu: Lam thé nao dé chi phi, thdi gian, va cdng sirc lao
dodng trong viéc van chuyén vat liéu xay dung tir noi nay dén noi khéc tét nhat.
Céng viéc cta Monge chua hoan tat vé mat ly thuyét thi chién dich chuyén hudng
(ly do chinh trj).

Bai todn van chuyén t&i vu nay chim trong quén lang trong khoang thdi gian chirng
150 nam. Vao nhitng nam 1940, Leonid Kantorovich (1912 - 1986), nha Toan-Kinh
té ngudi Nga, nghién clru lai bai todn nay vdi nhitng céng cu toan hoc méi: Ly
thuyét dé do va Gidi tich ham. Ong giai duoc bai toan téng quat hon, phirc tap
hon. Kantorovich dwgc tang thudng Nobel Kinh té€ ndm 1975 vé cong trinh nay.
Sau dé 6ng rut vé nganh Kinh té€, khong con nghién ciru thém vé bai todn van
chuyén t8i wu nira.

Trong thap nién 1980, cdc nha Todn hoc cd mot sd tién bd quan trong vé mat ly
thuyét cho bai todn van chuyén t6i wvu. T d6 bung né nhitng 4p dung vao nhiéu
I3nh vwc khac nhau: Thiét ké d6 thi, thiét ké ky thuat, thay déng hoc
(hydrodynamics), x&¢ ly anh (image processing), nhan dang hinh thé (shape
recognition), va Sinh vat hoc. Nhitng tié€n bd nay cling kich thich nguoc lai la dung
ly thuyé&t van chuyén t6i wu vao Toan hoc, dic biét |a Hinh hoc Riemann va phuong
trinh dao ham riéng.

Hai trong nhi*ng sac thai cia bai todn van chuyén t6i vu ma Alessio Figalli va cac
cdng su vién cha d6ng quan tam la:
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1. Badi todn dang bén vitng cua vat thé vdi murc ndng lwong téi thiéu (the
stability of energy-minimizing shapes)

2. Tinh déu ddn (regularity) cda phwong trinh Monge-Ampére va cdc dp
dung.

Vé bai toan thir nhat: Dang bén virng.

Bai todn mdt cuec tiéu, thi du bong bdong xa phong, d3 dwoc nhiéu nha Toan hoc
cla thé ky 19 nghién ciru. Nhirng bong bdng ra khoi cdy que clia em bé cé dang
mat cAu. M4t ciu ay la dang bén virng rng v&i mét nang lwong téi thiéu cung cap
cho né va gilt né & trang thai dy. Mat tinh thé (crystals) |a mot thi du khdc cia mat
cyc tiéu. Mbi loai tinh thé c6 mot dang bén vitng riéng tuy theo vat chat tao nén
loai tinh thé dy. Hinh dang (m&t ngoai) ctia mdi loai tinh thé phan anh mic nang
lvgng t6i thi€u cho loai tinh thé dé.

Hién tuwong bén virtng dwoc cac nha Vat ly biét téi tir 1au. Chang han khi ta dung
nhe vao bong bdng xa phong, né chi hoi bién dang mot chut, di ra xa, va roi lay lai
dang cli. Twong tu nhu vay, néu ta cung cdp mét lwgng nang lvong kha nho (ho
néng so qua), dang tinh thé khéng thay d6i may so véi dang ban dau. Cac nha
Toén hoc mudn biét chinh xadc mirc d6 nang lwong dé gitr dwoc tinh bén virng do.

Figalli va nhdm cta 6ng'! hoan thanh nghién cru vé bai todn nay tir nam 2007 va
chi cong bé vao 2010. Dung s chuyén van t6i vu, 6ng d3 dua ra duwgc mot chirng
minh ¢ tinh dinh lwong chinh xac, dién ta bdi mot bat dang thirc qua dé ta cé thé
xac dinh duwoc mire ndng lwong téi wu. N6i mot cdch khic, duwdi mirc nang luong
xac dinh bai cong thire Figalli thi tinh thé vin & dang bén virng, con néu vugt qua
mc ndng lugng Ay thi tinh thé bién dang.

Luis Caffarelli, nha Toan hoc Y, ngudi doc & gidi thiéu Alessio Figalli truwéc Dai Hoi
trao Huy chuwong Fields, cé néi: “Ldnh vwrec ma Figalli déng gop that la rong. Cdi

11 Nhém cda Figalli 1am viéc trén bai todn nay gdm cé Francesco Maggi, gido su Dai hoc Austin, Texas va Aldo
Pratelli, gido su Dai hoc Erlangen, Dtrc.
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déc ddo cla Figalli la, trurdc mét hién twong thién nhién chua dworc gidi thich thdu
ddo, 6ng dd ding mét ly thuyét Todn hoc twdng chirng khéng cé gi lién quan gidi
dworc bai todn mét cdch hoan héo.”

Chung ta s& thay nhan xét nay cla Caffarelli dwoc Figalli 13p lai thém mot [an nira
O bai toan sau.

Vé bai toan thir hai: Tinh déu d3n cta phwong trinh Monge-Ampére.

Bai toan th hai cla Figalli cé “hoi ham” twong tu nhu bai todn trudc vi cling dinh
liu t&i tén nha Toan hoc Monge. Gilta nhirtng nam 2011 va 2012, cung vd&i Guido
De Philippist? va mét vai cdng sy vién, Figalli cong bd rat nhiéu bai bao lién quan
dén tinh déu ddn cda phuong trinh Monge-Ampeére.

Dau tién, tinh déu dan thuwdng thay trong cac hién twong Vat ly. Mét hé thong
thay d6i déu din cé nghia la hé théng ay thay ddi “tron tru” (smooth). Néu ta
quan sat mot ddm may trén troi, ta s@ thay no thay d6i hinh dang chdm cham,
tirng ti mot. N6 khdng thay d6i dot ngot (vd ra, xé ra) dé cé mot hinh thé méi. Ta
néi dé la moét sy thay déi déu dan. Todn hoc s& cé phuong trinh (ng vdi tirng
trang thai cha hé théng. Khi hé théng thay d6i déu dan thi phuong trinh duwgce néi
la thay d6i déu dan.

Phuwong trinh Monge-Ampére la mot phuong trinh toan hoc, dac biét dugc nghién
cru trong Hinh hoc vi phan. Bang phuong phap ly thuyét van chuyén t6i v, Figalli
chirng minh duoc tinh déu dan cda phuong trinh dy va dp dung vao Khi twong hoc
dé chirng minh duoc tinh déu dan cda nhitng phuong trinh lién quan dén gid xoay,
goi la phuwong trinh semi-geostrophic.

Mot Ian nira, nhu Caffarelli @3 néi, Figalli da dung phuong phap van chuyén tdi wu
dé gidi mot bai todn hoan toan cach biét, réi dem dp dung né vao mét Ianh vuc
cling hoan toan khac.

% % % %k %k

12 Guido De Philippis (sinh ndm 1985), nha Toan hoc tré xuat sic ngudi Y, hién la gido su Trwong Nghién Clru Cao
Cap Qudc té, Trieste, Y (International School for Advanced Studies).
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Peter Scholze

Peter Scholze (sinh thang 12 nam 1987).

Thong thuong thi tén cla nguoi dugc chon tang Huy chuong Fields cao quy dugc
gitt kin d6i vai cong ching cho tdi gid chét. Trwong hop Peter Scholze thi khac.
Tin nha Toan hoc tré tudi nay sé duoc trao ting Huy chwong Fields loan ra & khap
moi noi, trong giang dudong Pai hoc, trén mang Internet, thdm chi ngay trong
nhitng chén trang nghiém nhu cac hoi doan Khoa hoc, trwdc khi Dai Hoi dién ra,
khéng phai mot vai thang ma la mot vai nam.

Nay tin don 4y la sy that: Peter Scholze, 30 tudi, thudc trudrng Pai hoc Bonn, Dirc,
la nha Todn hoc tré nhat!3 trong s6 bdn nha Todn hoc duwgc nhan Ianh Huy chuong
Fields 2018.

Trich 1&i khen chinh thirc cha Dai Hoi Cac Nha Todn hoc Thé Gidi:

“peter Scholze dd khdi xwdng cho mét cudc cdch mang trong nganh Hinh-S6 hoc
(Arithmetic Geometry).”

Micheal Rapoport, gido sw cé van Tién si cha Scholze tai Dai hoc Bonn, ngudi sé
doc dién vin chinh thirc gidi thiéu Scholze truwdc Dai Hoi, thi ndi rang:

“Nhirng ly thuyét va khdi niém cua Scholze dwa vao dé lam thay déi thuc sw bd
mdt ctia nganh Hinh-S6 hoc. Téi tin rdng déy chi la budc déu cua Scholze, anh Gy
s& con c6 nhiéu déng gép mdi khdc ma chung ta khéng thé du dodn dworc.”

%k %k %k %k

13 Nha Toan hoc tré nhat trong lich sir Todn hoc, cho t&i nay, dwoc tang thudng Huy chuong Fields |a Jean-Pierre
Serre (sinh ndm 1926), nha Toan hoc Phép, thudc nhém Bourbaki, Huy chuong Fields 1954, khi 4y 6ng chua dd 28
tudi. Hién nay éng van con song.
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Cuén sach The Geometry and Cohomology of Some Simple Shimura Varieties cla
hai nha Toan hoc ndi tiéng |a Michael Harris va Richard Taylor!* day 288 trang,
nham muc dich 1 chirng minh mét van dé héc bua cda Ly thuyét s8, xuat ban nam
2001. Sach duogc gidi Toan hoc danh gia rat cao tir sau khi ra doi. Bong nhién, vao
nam 2010, c6 mét cdi tin loan truyén trong gidi Todn hoc trén thé gidi, lam cho
moi ngudi giat minh, nhat 13 cdc nha Ly thuyét s6: C6 mét sinh vién Cao hoc d3
viét lai chirng minh 280 trang cda Harris va Taylor con lai 37 trang. Chang sinh vién
ay mdi hon 22 tudi thudc trwdng Dai hoc Bonn tén |3 Peter Scholze. Jared
Weinstein, gido su Ly thuyét sé va Hinh-Pai sé tai trwdng Dai hoc Boston, kéu |én:
“Thét khéng twdng tuong duroc, mot ngudi tré nhu véy cé thé lam dwoc mét viéc
kinh khing nhw vdy! Anh ta cé thé nhin théy khai trién mét ly thuyét ngay ca khi ly
thuyét 4y mdi bat dau.”

Hai ndm sau, ndm 2012, sau khi cé bang Tién si, trwong Pai hoc Bonn phong Gido
suw thye thu cho Scholze, mét gido su thuc thu tré nhat trong lich st sGa trudng
nay.

Loi biéu dwong chinh thirc ciia Pai Hoi vé Scholze con cé cau:

“Peter Scholze dé& la nha Todn hoc c6 dnh hudng nhét trén toan thé gidi. D6 la
mét tai ndng ma trong nhiéu thdp nién chung ta mdi thdy cé mét.”

Eugen Hellmann, mét cdng su vién cla Scholze, gido su tai Pai hoc Bonn, ndi: “Khi
ai dé lam viéc chung vdi Scholze, anh Gy lam cho ta cdm thdy hai ngudi ngang
hang vdi nhau, thém chi anh Gy con kém hon ta.”

14 Richard Taylor chinh la nguwdi da gitip thay minh 1a Andrew Wiles hoan chinh lai chirtng minh Binh ly cuéi cting
cla Fermat. Tim xem cudn sach cling tén cla tac gia L& Quang Anh.
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Scholze bat dau tw hoc Todn trinh d6 dai hoc ndm 14 tudi, khi dang con ngdi ghé
trudng trung hoc Heinrich Hertz Gymnasium, mét trudng trung hoc chuyén Toan
va Khoa hoc & Berlin.

N&m 16 tudi, Scholze biét rang 10 ndm truwdc Andrew Wiles d3 chirng minh duoc
dinh ly cuéi cting cda Fermat, mét dinh ly ¢ tir thé ky 17 chuwa ai chirng minh
dwoc. Pinh ly néi rang phuong trinh x" + y" = 2" khéng c6 nghiém nguyén khi s6
nguyén n Ion hon 2. Pinh ly coi don gian, nhung khi doc chirng minh cta Wiles,
Scholze néi: “Téi chdng hiéu gi cé bdi vi Wiles st dung nhitng cong cu Todn hoc
qud hién dai.” Scholze bat dau lam ngugc. Choé nao khdng hiéu, tim hoc ngay céi
ly thuyét &y. “Téi thdm chi khéng hoc cé Pai s6 tuyén tinh niva. Téi sé hiéu nd
théng qua viéc hoc cdi mdi,” Scholze ndi.

Trong khi dao b&i chirng minh ca Wiles, chang bi hap dan bai nhitng phuong tién
Toan hoc mdi, chang han nhv dang modula va dwdng cong elliptic, ching két noi
huyén diéu nhitng nganh Toan hoc khac nhau va rat xa nhau: Ly thuyét s, Dai s6,
Hinh hoc va Giai tich. Scholze néi: “Poc va hoc nhitng cdi mdi nay thu vi hon la
chinh cdi chirng minh dinh ly Fermat cua Wiles.”

Hét Trung hoc, Scholze tiép tuc theo dudi hoc Ly thuyét s6 va Hinh hoc & Pai hoc
Bonn theo céch cta chang. Hellmann, ban hoc va sau nay la déng nghiép cla
Scholze, ké lai rang & 1&p chang khéng ghi chép gi 3, chi lang nghe, nhung chang
hi€u van dé that sdu cho nén khéng bao gio quén.

% %k %k %k

Cudc cach mang trong nganh Dai s6 va nganh Hinh-S6 hoc bt dau tir mot cudc
héi thdo vao ndm 2011, khi Peter Scholze gidi thiéu va mé ta khai niém vé mét cau
tric khong gian ma dng dit tén | perfectoid spaces. Khiay Scholze van con la sinh
vién Tién si. Khai niém nay nhanh chéng dugc cac nha Todn hoc cung nganh trén
toan thé gidi quan tdm va nghién ctu. N6 roi dnh sang vao nhiéu van dé toan hoc
cd chuc ndm nay bj bé& tic. Chung ta s& khong tim hiéu dinh nghia hodc ciu tao
cla nd & day vi né doi hdi nhiéu y twdng mdi va nhiéu ky thuat phirc tap.

DE dai ching cé thé hiéu dugc khai niém phirc tap nay, ta muon y twdng cta Kevin
Buzzard, gido su Imperial College London, giai thich nhu sau:

Mét ki thu@t cdac nha Hinh hoc hay lam khi nghién ctru nhitng khéng gian phtre tap
tim mét khéng gian don gidn hon rdi thiét IGp mét toan dnh (surjective map) tir
khéng gian don gian 1én khéng gian phtrc tap kia. Thi du vong tron thi don gidn
hon hinh xodn 16 xo (a spring). Ta c6 thé nén 10 xo lai (phép chiéu) dé bién nd thanh
vong tron. Cdc nha Todn hoc cé thé phén tich vdan dé trén vong tron, rdi ttr dé cd
thé tim ra cdch gidi quyét van dé trén dwong 16 xo xodn.
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Tl thap nién 1970, cdc nha Toan hoc quan tdm rat nhiéu dén nhitng van dé lién
quan dén tap hop cdc s6 p-adic (p 1a s6 nguyén t8). Day la hé théng s6 tao ra dé
|ap day khoang trong gitra s& nguyén va sd hitu ty (ma khéng phai la sé vo ty). Va
ho con nhiéu van dé vdi ciu tric nay. Scholze d3 tao dugc mét khéng gian
perfectoid space tir cac cau tric Ay, gilp gidi quyét duoc nhiéu bé tic cla cac nha

Toan hoc ndi trén.
%k %k %k %k k

Mot thanh tuu n6i bat khac cda Scholze cé lién quan dén tinh déi déng diéu cia
nhitng khéng gian déi xirng dia phuwong (the cohomology of locally symmetric
spaces). Mot lan nira, & day ngudi ta thay rd tinh hitu hiéu cda khéng gian
perfectoid space ma Scholze d3 sang tao. Mot trong nhirng dinh ly rat sau va gay
nhiéu n tugng cla Scholze trong nghién ctru la 6ng da chirng minh duwoc tén tai
nhifng biéu dién Galois gdn lién vdi tinh déi dong diéu cla nhitng khéng gian déi
xtrng dia phwong. Didu dang chiy a Scholze d3 x{r ly cac |&p xodn (torsion classes)
va tlr do cé duwoc nhirng |&p d6i déng diéu c6 dién (classical cohomology classes).

K&t qua nay cho thdy y twdng rat tién phong va rat réong cla chuong trinh
Langlands. D6 la mot mang ludi vuon rat su va rat xa, bao gébm nhiéu dy doan,
hudng dan cho nhiéu nghién ctru Toan hoc ngay nay.

Scholze khéng chi 1a mét chuyén gia trén cac ciu tric p-adic vdi p nguyén td cb
dinh. Vira mdi day, 6ng cé vién kién vé mdt khong gian déi dong diéu phé quat,
c6 thé ap dung cho bat clr trwdng ndo trén bat c&r khdng gian nao. Ta nhic lai rang
trong thap nién 1960, Alexandre Grothendieck, mot trong nhitng nha Toan hoc
thién tai cla thé& ky 20, d3 dua ra ly thuyét motives, nham muc dich xay dung Iy
thuyét déi déng diéu phé qudt (a universal cohomology theory). Sau d6 Vladimir
Veovodsky (Huy chuong Fields 2002) d3 phat trién dugc nhiéu két qua trén cong
trinh ma Grothendieck boé d&. Nay Scholze lai dén v&i van dé nay tir mét phia
khéc, (v&i ly thuyét cda minh), gidi quyét dugc hadu hét moi tré ngai. Thé gidi Toan

hoc ngudng md va phan khai.
%k %k %k k %k

DE k&t luan bai viét nay, ta hdy nghe Jared Weinstein, gido sw Dai hoc Boston, ndi
vé Peter Scholze:

“Ban luén Todn hoc vdi Scholze nhw dang hoi chuyén véi mét nha tién tri. Khi anh
ta néi dwore thi héy tin la dworc va ta hdy cé tim ra loi gidi. Néu gdp may thi anh ta
s& giup minh cung lam. Khi anh ta néi khéng thi diéu Gy khéng ding, héy tir bé
huwéng éy.”

Liéu Weinstein cé ndéi qua khong?
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Akshay Venkatesh

Akshay Venkatesh (36 tudi).

Nguoi ta thuong ndi thoi nay khéng con nhitng nha Todn hoc théng thdi nita
(universal mathematician)'>. Nhuwng tru'd'ng hop Venkatesh mai sau cé thé ching
ta phdi xem lgi chdng.

Emmanuel Kowalski, gido su Vién Ky thuat Lién bang Zurich, Thuy si.

Akshay Venkatesh sinh tai New Delhi nam 1981. Khilén 2, 6ng cung gia dinh qua
sinh sdng tai Perth, Uc. Ong tirng 13 than dong vdi thanh tich déng né: Giai
Olympiads Vat ly ndm 11 tudi va gidi Olympiads Todn ndm 12 tudi. Sau nay ai ¢
nhac tdi dieu nay, dng ndi: “Hdy lam on quén chuyén nay di. D6 chi la nhitng tro
choi thé thao ma théi. Néu dé tré thanh nha Todn hoc ma phdi hoc nhuw thé thi téi
tha khéng ld nha Todn hoc thi hon.” Ong vao Pai hoc Western, Uc, ndm 13 tudi va
tdt nghiép nam 16 tudi. Tir d6 dng qua Pai hoc Princeton, MY, tiép tuc hoc Cao
hoc. Ong noéi: “Téi khéng cé chon lwa ndo khdc, ci¥ nhw la dudng théng téi phéi di
dén Princeton hoc Todn, chit téi khéng thich mdy. Téi con c¢é qud nhiéu diéu can
phdi hoc thu vi biét méy.”

Tai Princeton gido su c6 van cla Venkatesh 1a Peter Sarnak!®. Lan ddau tién gap
anh sinh vién néi ti€ng nhung con qué tré cha minh, gido su Sarnak dwa ngay cho
chang cudn sach lién quan dén ly thuyét biéu dién cla bdn nhém (Representation
theory of semi-groups) dé vé nha doc. Vi ndi dung cudn sach nay & trén trinh do
clia sinh vién Cao hoc, cho nén gido suw Sarnak nghi chi rang vai ngay sau chang sé

15 Xem céc bai lién quan dén Henri Poincaré va David Hilbert cGa cling ngudi viét trong trang nay:
Rosetta.vn/lequanganh. Hai nha Todn hoc ndi trén dugc ménh danh |13 hai nha Toan hoc théng thai cudi cling (cua
thé ky 20).

16 peter Sarnak, hon 20 ndm trwdc, da tirng |3 mét trong vai ngudi phu gidp Andrew Wiles trong viéc kiém tra
chirng minh dinh ly cudi cung cla Fermat. Hién nay Peter Sarnak dang lam viéc tai IAS (Vién Nghién ctru Cao cap
Princeton).
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quay lai xin d6i cuén khic don gian hon. Gido su Sarnak ké lai: “Sau vai tudn,
Venkatesh quay lai vin phong téi dé trinh bdy nhitng gi chang thu dwoc. Khéng
nhitng chang hiéu ré ma con té ra cé trwc gidc manh kinh khing vé ndi dung ly
thuyét néi trong sdch.” Nhung Venkatesh thi néi: “Téi khéng thich lam sinh vién
Cao hoc theo kiéu ndy.” Tam sy vdi ban, chang néi rang ldam nghién clru ma bat
phai theo nhitng goi y cla gido sw ¢b van. “Téi chi thich lam theo cdi minh thich
théi,” chang ndi véi ban. Déi ltc té ra chdn nan véi nhirng cudn sach gido khoa
duwoc chi dinh, chang tam gac ngang ching, tim doc nhitng tai liéu sach vo khac
chang ua thich. “Thét thich thu, that tuyét voi,” chang ndi. C& nhu thé Venkatesh
hoc dwoc rat nhidu chi trong vai ndm Cao hoc, trong khi d6 chang van phai danh
thoi gian lam ludn an. Chang cd rat nhiéu kién thirc Todn hoc ngoai pham vi luén
an dang nghién ctru, nho dé chang c6 mét bire tranh bao quat rong |&n cla Toan
hoc, nd giip chang cé nhiéu phwong tién lién két Ianh vuc nay véi lanh vue khac
trong nhitng kham phad sau nay.

N3m 2002, ndm 21 tudi, Venkatesh t8t nghiép Tién sitai Dai hoc Princeton, roi tiép
tuc lam H4u-Tién st (Post-Doctor) tai Dai hoc MIT. Hién nay Akshay Venkatesh |a
gido su Dai hoc Stanford, M¥.

% %k %k %k %

Cong trinh clia Venkatesh déng gdp cho Toan hoc qua nhiéu va qué da dang, bao
gdm nhiéu nganh khac nhau, trong d6 cé Ly thuyét sé, Ly thuyét vé cdc tw ddng
cdu (Theory automorphic forms), Ly thuyét biéu dién (Representation theory),
Khéng gian déi xirng dia phuong (Locally symmetric spaces), Ly thuyét ergodic
(Ergodic theory),...wv. Trong bai viét ngan nay ching toi chon gidi thiéu véi doc gia
ba thanh tuu chinh cia Venkatesh: mét thuéc 1anh vuc Ly thuyét s6, mét thudc
l3nh vuc Topo-Dai s6, va mdt duw dodn nam trong chuwrong trinh Langlands.

Chuing toéi quan tdm dén cac sy kién lich s lién quan nhiéu hon la ndi dung cua
céc van dé vi tinh phirc tap cda chung.

Vé dang toan phwong (quadratic forms).

DE bat dau, chung ta thlr xem biéu thirc:
X+xy+5y2+yz+122°.

D6 la mot dang toan phuong, nghia 1a mét da thirc gbm mét hodc nhiéu bién sé
ma bac cao nhat cla cdc s6 hang 1a 2 va cac hé sé la cdc s6 nguyén. Van dé ta quan
tam Ia khi thay cac bién s& bang nhirng gia tri nguyén thi ta dwoc mot gia tri nguyén
nhu th& nao? Nam 1770, Joseph-Louis Lagrange chirng minh dwoc rang dang toan
phuong x2 +y? + 22 + w? sé cho ta tdt cd cac s6 nguyén khi ta thay cac bién s6 bang
cac gia tri nguyén.
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Trong tdc pham néi tiéng Disquisitiones Arithmeticae xudt ban ndm 1801, Carl
Gauss chirng minh duoc rang ta cé thé bién d6i dang toan phwong nay sang mot
dang toan phuong khac don gian hon bang cach thay thé bién sé (substitutions of
variables) va s6 nguyén sinh ra b&i dang don gidn ciing |a chinh 13 s& nguyén sinh
ra b&i dang ban dau (nhung nguoc lai khéng dung).
Bang cach trén, néu ta cé thé bién d6i dang toan phuong P véi m bién sé thanh
dang toan phuwong Q vdi n bién sé (m > n) thi ta néi P dai dién Q. Cau hdi dugc dat
ra la: Khi nao thi P dai dién Q? Day chinh la mét hinh thic khac (another version)
cla bai todn s8 11 trong s 23 bai todn ma David Hilbert d3 phét biéu vao ndm
1900. Nam 1987, Yoshiyuki Kitaoka, thuéc DPai hoc Meijo, Nagoya va Martin
Kneser (1928 - 2004), thudc Dai hoc Gottingen, da tim ra dugc cau tra loi la:

m=22n + 3.
Ba muoi ndm sau, cé ngudi dua ra dugc mot bat dang thirc t6t hon nhuwng khong
dua ra chirng minh, d¢ la:

m22n+2.
Gidi Toan hoc van thac mac rang liéu céd mat diéu kién tot hon khdng?
Nam 2008, Akshay Venkatesh va céng tac vién Jordan Ellenberg lam thé gi¢i Todn
hoc ngac nhién khi dua ra duwgc mét diéu kién tdt hon dé giai ddp cau hoi khi ndo
P dai dién Q. Cau trd 1oi la:

mz2n+5.
That ra Venkatesh cung vdi Ellenberg d3 gidi xong van dé nay vao nam 2005 va
cho cdng bd [an thir nhat vao ndm 2008. Sau nay, vdi sy cdng tac cta Philippe
Michel, chirng minh dugc téng quat hon 1én va duoc cong bd vao ndm 2010.

Nét chinh can ndi & day |a Venkatesh va cac cong tac vién da dung mét ky thuét
thudc I3nh vuec ly thuyét hé théng déng luc (dynamical systems theory) dé giai bai
toan nay. Ky thuat nay lai phai s dung t&i bai toan sub-convexity. Venkatesh d3
lién két hai nganh Todn hoc hoan toan cach biét dé giai bai todn cia minh mot
cach sang tao khong ai ng& tdi.

Class number.

(Chung t6i cdo 16i khong dich duoc sang tiéng Viét thuat ngit ndy. Y nghia clia nd
sé duoc dinh nghia trong doan sau.)

Diéu can ban dé thay |13 bat cr s6 nguyén nao ciing cé thé phan tich dwoc thanh
thira s6 nguyén t6, va chi c6 mdt cach phan tich ma théi (khdng quan tam tdi tha
tw trudc sau).

Tap hop cac s6 nguyén (duwong, 4m, bang khdng) véi hai phép todn cong va nhan
tao thanh mot cdu tric vanh. DAy 1a vanh (ring) théng thudng nhat. Tap hop A
cac s6 dang a + b/—=5, trong do a,b la nhitng sd nguyén, cling tao nén mot vanh.


https://en.wikipedia.org/wiki/Disquisitiones_Arithmeticae
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Chu y 13 V=5 13 mot s8 (phan tir) cla vanh A va 13 s6 nguyén td trong A (theo
nghta 1a khéng phan tich dwoc nita). S8 9 cling 1a mdt sd cia vanh A (a =9, b =0),
nhung sé 9 ¢ thé phan tich thanh hai céch:
9=3x3=(2+y=5)x(2—+/-=5).

Ta ndi s6 9 la mét class number cla vanh A. Nhu vdy mét class number cia mot
vanh 1a mot s6 c6 thé phan tich thanh s6 nguyén t6 bang nhiéu cach. Nhitng con
s& nay xuat hién nhu thé nao, theo mat qui luat nao trong mot vanh van con la
mot bi an. Bang thyc hanh ngudi ta tim céch tinh ra cac s8 ay, tir d6 hy vong tim
ta qui ludt ma ching xuat hién.

Nam 1984, Henri Cohen (sinh ndam 1947), m6t nha Toan hoc ngudi Phap, va
Hendrik Lenstra (sinh nam 1949), mot nha Todn hoc nguoi Ha Lan, da tim ra duoc
mot kinh nghiém thwc hanh dé tinh ta cdc s6 nay trong vanh céc s6 nguyén, nhung
van chua tim ra dugc qui luat phan phdi cla ching (patterns). Diéu dang ngac
nhién 13, cling theo hai nha Todn hoc nay, mét phan ba cac s6 nay déu |13 bdi s6
cla s6 3. K& tir do, sudt 30 nam sau, van dé cdc class numbers trong vanh cac s6
nguyén van con bo ngd. Chua thé néi gi dén nhitng sé ay trong vanh khac.

Nam 2016, cung v&i hai nha Toan hoc Jordan Ellenberg va Craig Westerland,
Venkatesh d3 c6 mot budc tién kinh ngac trong viéc tim hiéu ky thuat xac dinh céc
class numbers cGa Cohen-Lenstra. Dé tim ra két qua, ho da chuyén bai todn sang
mot van dé khac nam trong I3nh viec Topology, mot nganh ctia Toan hoc nghién
ctru vé hinh dang vat thé. Nhuwng Topology la 1anh vuc qud rong, vay ho d3 dung
cong cu nao cta nganh nay? Day 13 sdng kién clla nhdm, din dAau 13 Venkatesh, ma
ta khong hiéu duwoc do dau: ho d3 sir dung khai niém su bén virng dbng diéu
(homological stability) trong Topology, mét khéi niém rat méi dang con 13 déi
twong nghién cltu cla cac nha Toan hoc hién nay.

M6t [an nita, ta lai thay Akshay Venkatesh d3 phdi hop hai nganh khéng cé gi lién
quan v&i nhau dé vuot qua bai todn bj bé& tac sudt trong vai chuc ndm trudc.

Mot dw doan trong chwong trinh Langlands.

Nhu chiing toi d3 trinh bay trong bai viét vé Peter Scholze, chwong trinh Langlands
la mot “mang ludi” lién quan rat nhiéu hién twgng dén tir nhiéu lanh vyre Todn hoc
rat khac nhau, trong dé cé Topology, Giai tich, Dai s6, va Ly thuyét s6. Nhiéu dy
doadn nam trong chwong trinh nay da thic ddy Todn hoc phat trién trong thoi gian
qua va con tiép tuc phét trién nira trong tuong lai.

C6 18 thi du t6t nhat [a chirng minh dinh Iy cudi cung cha Fermat vao dau nhitng
nam 1990 do Andrew Wiles thuc hién, véi s ddng gép cd tinh quyét dinh vao thoi
gian cudi cda Richard Taylor. Phuong phap Wiles-Taylor da st dung cong cu
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duwong cong elliptic (Hinh hoc) néi két véi dang modula (Giai tich). Pay 13 loai két
néi d3 dwoc du tru trong chuong trinh Langlands. Cho du phuwong phdp Wiles-
Taylor 1a rat manh nhung né lai cé géc ré tir mot cong cu Hinh hoc cé tén goi 1a da
tap Shimura.

Trong mdt s& hoi thao dién ra trong thoi gian méi day gitta ndm 2017 — 2018,
Venkatesh d3 lam cho thé gi¢i Todn hoc ngac nhién khi dng ta da téng quat hda
phuong phap Wiles-Taylor ma khéng dwa trén nhitng da tap Shimura. Cong cu
chinh ma Venkatesh va cac cong sy clia 6ng da s&r dung dén tir sy doi xirng cla
nhitng nhém ddéng diéu (homology groups) trong nhitng khéng gian Topo cd tén
la khéng gian d6i xirng dia phurong (locally symmetric spaces).

Céng viéc cha Venkatesh két ndi nhiéu I3nh vue Todn hoc lai vdi nhau tuy chua
hoan tt, nhung ngudi ta van mong chd né s& cung cap thém nhiéu két qua tich
cwe, lam cho ngudi ta hiu thém tinh vi dai cla chwong trinh Langlands.

Hau hét nhitng nha Toan hoc déu dugc xép vao mét trong hai loai: nhitng ngudi
gidi todn (problem-solvers) hodc nhitng ngudi |ap thuyét (theory-builders).
Akshay Venkatesh la trwdng hop ngoai |é: 6ng thudc vé cd hai loai trén. Hién nay
ong chi méi hon 36 tudi, ngudi ta nghi rang dng con dem lai cho Toan hoc nhiéu
khdm phd mdi ma ching ta khéng thé du doén trudc duoc.
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