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(The Riemann Hypothesis)
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Nhirng zeros khong tam thuwong ciia ham sé {(s) déu c6 phan thwc nam
1

trén dudmg théng Re(s) =

Néu téi chot thire ddy sau mét gidc ngd mét ngan ndm thi cdu héi déu
tién cda téi sé la: Gig thuyét Riemann dé dugc chitng minh chua®?
David Hilbert

Bernhard Riemann (1826 — 1866).

! Lorenzo Mencini. Zeros of the Riemann zeta function on the critical line. Universita degli Studi ROMA TRE.



Gig thuyét Riemann 1a mét trong 7 bai toan Thién Nién Ky (Seven
millenium problems). Cho t&i nay chi md&i c6 mot bai duoc giai dung, do la bai Giag
thuyét Poincaré (hay |a Duw dodn Poincaré). Vién Toan hoc Clay treo gidi thwéng 1
triéu d6 la My cho bat ct ai gidi dugc bat cr bai nao trong 7 bai toan dé2.

Md&i day mot s6 t& bao (khdng chuyén) d3 dua mot cdi tin khéng khac gi bom nd
trong gi¢i Toan hoc:

e MOt nha Toan hoc hang dau néi rang da gidi dwoc bai toan quan trong
nhat da cé tir 160 ndm (Insider, September 24, 2018).

e C6 phai d3 c6 thém mdt bai toan 1 triéu do6 niva d3 dwoc gidi roi chiang?
(USA Today, September 24, 2018).

e Sir Michael Atiyah tuyén b ring éng d3 chirng minh dwoc bai toan GIA
THUYET RIEMANN (The Aperiodical, September 24, 2018).

Sau d6 mot vai to bao tiéng Viét khac dich lai hodc viét theo, lai con thém “mam
thém mudi” vao tin dy, lam cho mét sd ngudi trong cdng dong Todn hoc giat
minh. Cé that vay khong?

Ta nhd lai rang trong hon 300 ndm c6 rat nhiéu nha Toan hoc tuyén bd rang minh
da chirng minh dwoc Binh ly cudi cling cua Fermat, nhung that ra ho d3 dua ra
|&i giai sai hodc chi dung trong mot vai truong hop riéng. Cho tédi nhitng nam
1994 -1995 nha Toan hoc xuat sac Andrew Wiles cong bé mot chirng minh vo
cung phtrc tap va duoc slra téi slra lui vai [an 10 giai m&i duwoc cac td chire Todn
hoc Thé Gidi cong nhan la dung.

Tinh hinh dién ra twong ty nhu vy cho bai todn Du dodn Poincaré. Trong hon
100 ndm nguoi ta cling dd cong bd nhiéu loi gidi nhung chua cé 1o gidi nao ding
ca. Phai doi cho dén nhitng ndm 2003-2005, v&i nha Todn hoc “ki la” Grigori
Perelman, ngudi ta mdi cd duoc 11 gidi chinh xdc cho bai todn Poincaré3.

2 B3y bai toan Thién Nién Ky la:
1. Pversus NP
. The Hodge conjecture
The Poincaré conjecture (solved)
The Riemann hypothesis
Yang—Miills existence and mass gap
. Navier-Stokes existence and smoothness
. The Birch and Swinnerton-Dyer conjecture.

Nouprwn

3 V& hai bai todn nay xin tim doc Binh Ly Cudi Ciing Cua Fermat (NXB TH Thanh phé) va Perelman va Dy dodn
Poincaré trong trang rosetta.vn/lequanganh clia cling tac gid Lé Quang Anh.
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Mdc du Sir Michael Atiyah 1d m6t nha Todn hoc xuat sic (Fields Medal 1966, Abel
Prize 2004) nhung cai ma dng ta nodi la 6ng cd6 mét chirng minh don gian (a simple
proof) cho bai todn Gid thuyét Riemann thi cai chirng minh &y vin chuwa duoc céc
td chirc Todn hoc chinh théng cta thé gidi cong nhan. Hon nita, ngay trong trang
web chinh thirc méi nhat (ngay 24 thang 10 ndm 2018) cla Vién Toéan hoc Clay
— t6 chirc bdo tro gidi thudng céc bai todn Thién Nién Ky - & cudi muc Riemann
Hypothesis van con ghi 1a This problem is unsolved (bai todn nay chwa duoc giai)
nhu hinh chuyp sau day:

Riemann Hypothesis

Some numbers have the special property that they
cannot be expressed as the product of two smaller
numbers, e.g., 2, 3,5, 7, etc. Such numbers are
called prime numbers, and they play an important
role, both in pure mathematics and its applications.
The distribution of such prime numbers among all

natural numbers does not follow any regular

pattern. However, the German mathematician
G.F.B.Riemann (1826 - 1866) observed that the frequency of prime numbers is very closely related to the

behavior of an elaborate function

Hs)=1+1/25+1/35+1/45+...

called the Riemann Zeta function. The Riemann hypothesis asserts that all interesting solutions of the

equation
ls)=0
lie on a certain vertical straight line.

This has been checked for the first 10.000,000,000.000 solutions. A proof that it is true for every interesting

solution would shed light on many of the mysteries surrounding the distribution of prime numbers.

This problem is: Unsolved

Trang chinh thirc néi vé Gia thuyét Riemann, bén géc trdi trén cung la chit viét
tay cha Riemann vé van dé nay (http://www.claymath.org/millennium-
problems/riemann-hypothesis).

Trong bai viét nay ching t6i sé dwa déc gid khong chuyén* di tim y nghia ciia ham
s6 zeta va Gid Thuyét Riemann, va su lién hé vdi s6 nguyén td nhu thé nao. Ching
toi s& bat dau tir chd don gidn nhat dé doc gia cé thé theo dwoc ndi dung clia van
dé. Udc mong 1a phan trinh bay cda ching tdi sé gitp ich phan ndo cho cac déc
gia wa thich Toan, nhat |a céc sinh vién chuyén nganh Toan, hiéu dugc mot bai
toan duwoc cho la quan trong nhat trong 7 bai todn Thién Nién ky>.

4 Chi can kién thirc Toan Cao cap (mdt, hai ndm DH).
5 Theo y kién clia Stephen Smale (Fields Medal 1966).
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http://www.claymath.org/millennium-problems/riemann-hypothesis

1. S6 nguyén té
e SO nguyén té va hop sé
S6 nguyén té la sé nguyén chi chia hét cho sé 1 va chinh nd.
S8 1 c6 phai la s6 nguyén t6 khong? Theo trén thi s6 1 théa dinh nghia, nhu
vay nd 13 s6 nguyén t6. Nhung do né qua tadm thuong (trivial) cho nén nguoi
ta thuong khong ké né 1a s6 nguyén t8. Theo chd ching t6i biét, trong Lich
st Toan hoc chi cé mét ngudi coi s6 1 1a s6 nguyén td, d6 |a “cha dé” cta Ly
thuyét dé do, nha Todn hoc Henri Lebesgue (1875 - 1941)°.

Mot s6 cac s6 nguyén t6 dau tién 1a 2, 3, 5, 7, 11, 13, 17. ....Chang ta chu y
rang chi cé s6 2 1a s6 nguyén t6 chdn ma thoi.

B4y gid ta coi s6 28. Nhirng s6 nao chia hét 28 (hay 1a 28 chia hét cho nhirng
s6 nao)? Cautraloidéthaylal, 2, 4,7, 14, va 28. Ngudi ta ndi ching 1a nhitng
thira so (factors) ca 28, nhuwng 2, 4, 7, va 14 la nhitng thira sé thuc suw (proper
factors) cGa 28, va 28 1a mot hop sé.

Nhu vay cac sd nguyén dugc chia thanh hai loai: s& nguyén té va hop s6 (s6
khdng nguyén t8). Ta cd thé coi s6 nguyén t6 |a nhirng yéu t6 co ban dé tao
thanh tp hop s6 nguyén (nhu nhirng vién gach - building blocks - dé xay
tuwong).

e C6 bao nhiéu sé nguyén t6?
Euclid (khoang 300 truwdc Tay lich) d3 tra 1&i cau hdi nay roi:
Pinh ly (Euclid):

C6 v s6 sb nguyén to.

Chtng minh:

Gia st ban dau: tdp hop s6 nguyén té la khéng vé han (tire Ia hitu han). Néu
vay ta cd thé liét ké tat ca cac s6 nguyén td. Goi P |a tich s6 cla tat cd cac sd
nguyén té ndi trén. Dt Q = P + 1. Chi ¢ 2 trudng hop sau day xay ra:
Trudng hop 1: Q13 s6 nguyén t8. Nhu vay la d3 tim ra dugc mét sd nguyén
td khéng cé trong ban liét ké ndi trén: mau thuan.

Trudng hop 2: Q khéng phai la sé nguyén t6 (hop s6). Goi p la mét thira s6
nguyén td cla Q. Vi p c6 trong danh sach liét ké ndi trén nén p cling la thira
s6 cha P. Do Qva P chia hét cho p nén Q — P = 1 chia hét cho p. Diéu nay vd ly
b&i vi 1 khéng chia hét cho s6 nguyén t6 nao ca.

Nhu vay gid st ban dau la khéng ding. Néi cach khéc, tdp hop cac s6 nguyén
t6lavohan. m

6 John Derbyshire. Prime Obsession. p.33.



Eratosthenes, mot nha Todn hoc Hy Lap, song vao khoang 250 nam truwdc Tay
lich (sau Euclid vai chuc ndm), da dwa ra mot thuat toan dé tim ra tat ca céc
s6 nguyén td cho tdi mot s6 nao d6. Thuat todn nay duoc goi la cai sang
Eratosthenes (sieve). Thi du nhu mudn tim tat ca cac s6 nguyén td nhé hon
100, ta dat tat cac cac s6 nguyén tlr 1 cho téi 100 vao trong mot bang vudng.
Sau d6 gach b6 sd 1, gach bé tat ca cac bdi sé cua 2, roi tat ca cc bdi sb cla
s6 3, cla s 5, cla s 7, clia s6 11,...van van. Nhirng s con lai trong bang la
nhitng sé nguyén td nho hon 100.
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Nhitng s6 dwoc vong lai l1a nhitng s6 nguyén t6 nhé hon 100.

e Sy phin bd cac sd nguyén td nhu thé nao?

NEu p la mét s& nguyén td thi s6 nguyén té ké tiép s6 p la s6 gi, lam sao xdc
dinh? DAy la méi ban tdm cla cdc nha Toan hoc tir thoi Euclid cho dén nay.
Va ciu héi ké ti€p cling lam cho cac nha Toan hoc bdi réi khéng kém, d6 1a cdc
s6 nguyén té phén bé nhu thé ndo trén dwdng thdng s6?

Duwdi day 13 tat cad nhirng s6 nguyén t6 nhd hon 1000.

29 31 37 41 43 47 53 59 61 67
71 73 79 83 89 97 101 103 107 109
113 127 131 137 139 149 151 457 163 167
173 179 181 191 193 197 199 211 223 227
229 233 239 241 251 257 263 269 271 277
281 283 293 307 311 313 317 331 337 347
349 353 359 367 373 379 383 389 397 401
409 419 421 431 433 439 443 449 457 461
463 467 479 487 491 499 503 509 521 523
541 547 557 563 569 571 577 587 593 599
601 607 613 617 619 631 641 643 647 653
659 661 673 677 683 691 701 709 719 727
733 739 743 751 757 761 769 773 787 797
809 811 821 823 827 829 839 853 857 859
863 877 881 883 887 907 911 919 929 937
941 947 953 967 971 977 983 991 997




C6 tat ca la 168 s6. NEu ta nhin gdn hon mét chut nira ta sé thay: Tlr s6 1 dén
s6 100 cé 25 s6 nguyén t6, tir 401 dén 500 cd 17 s6 nguyén té, tir 901 dén
1000 ¢ 14 s nguyén t8. Hinh nhw s6 cac s6 nguyén té it dan di (thua). Liéu
c6 mot quy luat nao dién ta dieu nay khéng? Cé bao nhiéu s6 nguyén t6 nhd
hon mét s6 cho san? D6 a nhirng thac méc d3 ¢ tir thoi Gauss, Riemann cho
dén nay.

e Ham s6 dém sd nguyén td (Prime counting function)

Chung ta chua biét cach phan bé cac s6 nguyén té nhu thé nao trén dudng
thang s& nhung s& rat hitu ich néu ching ta biét s& lwong cac s6 nguyén to
nho hon mot s6 cho sdn. Gauss gidi thiéu ham sé rt(x)” goi |a ham s6 dém sé
nguyén té nhé hon mét sé thuc x > 0.

Thi du:

71(1) = 0, c6 nghta la ¢4 0 s6 nguyén té khi x < 1.

11(2) = 0, c6 nghia la ¢4 0 s& nguyén té khi x < 2.

11(3) = 1, c6 nghia la c6 1 s& nguyén té khi x < 3, dé 1a s6 2.

11(4) = 2, c6 nghia la ¢ 2 s6 nguyén td khi x <4, d6 1a cacsé 2, 3.
11(5) = 2, c6 nghia la ¢ 2 s& nguyén td khi x < 5, d6 1a cacsé 2, 3.
11(6) = 3, c6 nghta la ¢4 3 s6 nguyén té khi x <6, d6 1a cac sd 2, 3, 5.
71(7) = 3, c6 nghta la ¢4 3 s6 nguyén td khi x< 7, délasé 2, 3,5.

Clr thé tiép tuc.

D6 thi ham sé r(x) vdi x < 20.
T(x)

7 Chir T dung & day khong lién quan gi vdi gia tri m =~ 3.14159...cd. N6 duwoc dung dé chi ham sé nhu chit f, g, h...



e Dinh ly sd nguyén td (PNT = The Prime Number Theorem)

lim ”Sj‘) =1.

X—00

Inx

Dinh ly dwoc éng Hoang cha Todan hoc Carl Gauss (1777 — 1855) phét biéu vao
nam 1792 (15 tudi) va vai ndm sau, nam 1797, dugc nha Todn hoc ngudi Phap
Adrien-Marie Legendre (1752 — 1873) phat biéu mét cach déoc lap.

Dinh ly duoc chirng minh vao nam 1896 (100 nam sau) b&i hai nha Toan hoc
Jacques Hadamard (1865 - 1963) ngudi Phap va Charles Jean de la Vallée
Poussin (1866 - 1962) ngudi Bi, mét cach doc 1ap nhau.

Thay d6i cach viét, ta c6 cong thirc cho phép wdc tinh s6 cdc s6 nguyén t6 nho
hon mot sé x, khi s6 x kha 1&n:

x
nx) ~—.
() Inx
Ta ciling cd thé viét:
(x) 1
x Inx’

woa oy o o g N 4R Ns A oxys 1
Diéu nay ndi rang, vdi s6 x kha 1&n, xac suat dé s6 x la s6 nguyén t6 la i
2. Ham s6 zeta Riemann
e Chudi s6 diéu hoa
1 1 1 1
H =Y —=14=t+=4=t-

Chudi s6 nay da duwoc Nicholas Oresme? (1320 — 1382) nghién clru tir thé ky
14. Oresme ciling d3 chirng minh duwoc chudi s& nay cé tdng bang vé cuc
(phan ky).
e Baitoan Basel
Tim t8ng s6 vo han (chudi s6 vé han):

1 1 1 1

e T
n=1,2 7 12 22 32 42

8 Hay 13 Nicole Oresme, Nicolas Oresme, cdch viét thay d6i chut it tuy theo ngdn ngir.
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Bai toan nay dugc nha Toan hoc ngudi Y tén 1a Pietro Mengoli (1626 — 1686),
giao su truong Dai hoc Bologna, dat ra tir nam 1650. Dang ly ra bai toan phai
duoc goi tén la Bai Todn Bologna, nhung vi do Jakob Bernoulli (1654 — 1705),
nha Todn hoc qué & Basel (Thuy Si) la ngudi dau tién dua nd ra cho cong déng
Todan hoc Chau Au nghién clru tim giai dap, cho nén bai todn mang tén |a Bai
Todn Basel.

Nha Todn hoc thién tai va da tai Bernhard Euler (1707 — 1783)° — cling qué &
Basel — la ngudi dau tién tim ra |oi gidi. Dapso la

g0 1 _1,1.01 .1
n=lpz = g2 "2 " 32 42 T ¢
Nhung Euler khéng dirng lai & d6. Ong con tim duoc:
oo 1 _ 1,11 1. _n*
n=lpa ™ g4 " 24 T34 7 44 T 9o
va
g 1_1+1+1+1+_n6
n=lpe = 16~ 26 36 46 T o435

v ~ N s R s X ~ 1
Hon thé nita, Euler con duwa ra phuong phap dé tinh dwgc chudi s6 Zflozl N

véi N 13 s8 chan.

Thé con vai N la s6 1é thi sao? Khéng nhirng Euler khdng ndi gi ma sudt hon
200 nam sau cling khéng thay ai ndi gi. Cho tdi ndm 1978, mdt nha Toan hoc
ngudi Phap tén la Roger Apéry (1916 — 1994) mdi chirng minh duoc

w 1 1 1 1 1 o,
Zn=1§ =GtmtaEtpte vy,
khi a8y Apéry da 61 tudi. Thoi dy, day 1a mét céi tubi qua gia dé cd thé phat
minh ra diéu mdi trong Khoa hoc?.
Nhung cling thoi 8y ngudi ta d3 biét rang chudi vo tan

% Euler 13 hoc trd cla Johann Bernoulli (1667 - 1748), mét ngudi em cla Jakob Bernoulli (xem thém bai viét vé gia
dinh Bernoulli trong Rosetta.vn/lequanganh).

19 Ngay nay, Michael Atiyah (1929 - ) d3 gan 90 tudi ma vin con hdm hé tan cong vao Gid thuyét Riemann.

Ciing nhan day, xin ndi vai nét vé nha Toan hoc Roger Apéry. Ong vao trwong Cao dang Sw Pham Cao cap (ENS)
Paris nam 1935. Chua t6t nghiép, 6ng phai “x&p but nghién theo viéc dao cung” khi Thé chién th& hai bung né.
N3m 1941, dng bj thuong ngoai chién trwong va bi bat lam tu binh. Thé chién két thic, 6ng vé hoc tiép. Ndm 1947
ong lam Tién si véi gido su Paul Dubreil va René Garnier. Ong cé nhiéu déng gdp cho Gidi tich, trong d6 tén 6ng
duworc ghi lai cho chitng minh 7(3) 1a s6 vo ty. (Ddc gia thé hé sinh vién DH 1960 -1970 con nhé Ong Ba Dubreil 13
dong tac gia cudn sach ndi tiéng Lecons d’Algébre Moderne do nha Dunod xuit ban ndm 1963. Trudc d6 vai nam
(nd@m 1961) c6 mdt cubn sach cling tén, tac gia 1a André Lentin va Jacques Rivaud, do nha Vuibert xuit ban).



1
Yn=1; —1+ —+—+—=+—=+..

hoi tu v&i nhirng gia tris > 1. Gidgi han (hitu han) dwgc ky hiéu la Z(s) — ham
sO zeta - va ta co:

1 1 1 .. . .
Us)=1+ _+§+§+E+"" (v&i moi s6 thuc s > 1).
e Cdng thirc tich so Euler
o 1 1 1 1 1 1
s)=ye 1 - . . .
{s) = Xn=1 ns [y 1-p=S  1-2=S 1-37S 1-5=S 1-7-S

(s 12 s6 thuc Ién hon 1, p la tat ca nhitng s6 nguyén t3).

Cong thirc xuat hién lan dau tién vao nam 1737 trong mot bai bdo cda Euler
mang twa dé Variae observationes circa series infinitas (Nhifng quan sdt vé
chudi sé v tadn). Cong thirc nay 1a nén tang hién dai cho Ly thuyét s6 dé
nghién clru vé s6 nguyén t6. Chng minh cha nd cling khéng khé khan may
nhu doc gia s& thay dudi day.

Chirng minh:
B3t dAu bang ham s6 zeta:

1 1 1
Z(S)=1+;+;+E+"' (1)
Nhan hai vé choz1 ta co:
1 1 1 1
XA Sty @

Lay (1) trir (2):
(1——)((5) 1+—+;+7—+ (3)
. 1 o .
Nhan hai vé cua (3) cho > réi 1y két qua trir cho (3) ta duoc:

(1-5)(1- ) as)= 1+—+—+i+---

75 118

L3p lai phuong cach nay cho dén vo clng, ta duoc:
(-7 (- ) (- F) (- F)as-2

Tl d6 ta lay ra duoc:

{s) = <1_1%> X <1_13is> X (1_15_15> X <1—17is> X e
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= () x () x () x () x - m

e Ham sé zeta
Xin tam dirng & day mot cht roi ta sé trd lai ham sd zeta sau. Xét chudi s6
vO tan:
T+x+x2+x3+x*+....

CNy Y , . Xe N oA w1 ~_ , P
Ta biét rang v&i [x/< 1 chudi s6 hoi tu vé r—y nghia la ta co thé viét:
1 "
S(x)=1—=1+x+x2+x3+x4+ ...... voi [x/< 1.
X

Nhung néu xet riéng ham s6 S(x) = —— thi ham s6 nay duoc xéc dinh khdp
moi noi trir tai diém x = 1. Nguditandidamérong 1 +x+x2 +x3 +x* +.....
(chi xac dinh khi [x[< 1) thanh ham s6 S(x) = ﬁ xac dinh khdp moi noi trir
tai diém x = 1.

Bay gid xin tré lai ham sé zeta:

1 1 1

— =t — ...

3S 45 45

Nhu d3 ndi, ham s6 chi xac dinh véi bién s6 thuc s > 1. Liéu ta cé thé mé

rong ham sd nay nhu cich lam trong doan néi trén duwoc khéng? Thidu nhu

1
Zﬁ)—.14'55+

o o 1\ R \ ,
ta muon tinh Z(E) c6 dugc khong? Lam sao tinh?

Xin tra 1&i ngay: c6 thé dwoc. Hay xét ham s n (doc |a eta)!! sau day:
1 1 1 1
ns)=1- st~ 5t~
Ngudi ta cé thé chirng minh chubi s6 nay hdi tu khi s > 0 nhung ta khdng [am
diéu d6 & day. Diéu ta mudén lam la di tim hé thirc gitta ham sé nay va ham
s zeta. Ta cd thé viét:

1 1 1 1 1 1 1 1
,7(5)=(1 + ottt +)2(; + =+ = +§....)

45 65
=qfs)-2x (1 + =+ %+ =+
={(s) - - Uls)
1
={(s) (1 _25—1>'

Tl d6 13y ra duoc:

i0s) = %

25—1

1 1a mau ty th bay, con 713 mau ty th sdu trong tiéng Hy Lap.
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Nh& mdy tinh, sau khi tinh trén 100 sé hang, ta duorc r](%) ~ 0.55502369, do
dé tacod ZG) ~ -1.460354508. 12 Nhu vay la ta d3 mé rong ham sé zeta cho

moi s6 thuc s > 0.
Con khi s < 0 thi sao? Khéng thé tinh dwoc n(s) vi chudi s6 khdng hoi tu.

Nam 1859, Riemann duwgc bau vao Han LAm Vién Khoa hoc Berlin. Nhu théng
I&, thanh vién mdi phai trinh cho Han Ldm Vién cong trinh nghién ciru méi
nhat cha minh. Va Riemann d3 gidi thiéu céng trinh vé Ly thuyét sé - bai duy
nhat thudc 1anh vuc nay cha Riemann — mang twa dé Ueber die Anzahl der
Primzahlen unter einer gegebenen Grésse (V& sé nhitng sé nguyén té nhé hon
mot gid tri cho sGn). Day la mot tuyét tac cla Riemann, chi dai chua téi 10
trang nhung né da 1am thay d6i mét cach cd y nghia hudng nghién clru Toan
hoc thoi ky tiép sau dé va anh hudng clia né van con cho tdi ngay nay. N6
nhuw moét con song dap vao nhiéu nganh clda Toan hoc thuan ly (pure
mathematics), thic day ching phat trién.

Dwa trén coéng thirc tich s6 Euler d3 gidi thiéu & doan trén, Riemann d3 hoan
chinh mé& réng hoan toan cho ham s6 zeta vdi bién sé thyc. Riemann d3 thiét
lap dugc phuong trinh sau day, goi la phwong trinh ham cho zeta:

n (s) = 2551 sin (%S) r(1-s)(1-s)

Qua phuwong trinh ta thay khi thay s b&i 1 —s thi phuong trinh khéng ddi, nghta
la {(s) =(1-s).
Diéu nay cho phép tinh dugc {(s) khi s < 0. Thi du nhu ta mudn tinh ¢(-15), ta
chi can tinh ¢(16) vi

{(16) ={(1- 16) = §(-15).

Tém lai, ham sé zeta d3 dwgc mdé rong cho moi gid tri thyc cia s # 1.
e Ham s6 zeta m& rdng cho bién s phirc

Thé con vai bién sé phirc? Ta trd lai véi cong thire tich sé Euler:
e 1 1
Xem truwong hop s = o + it 1a s& phirc. Ta chirng minh dugc rang chudi vo tan

1 " . A T T . e
Z;o:l s hoi tu déu khi Re(s) = o> 1. Nhu vay ta cd thé mo rong ham so zeta

trong nlra mat phang phirc Re(s) = o > 1.

12,54 lidu 18y tir J.Derbyshire. Prime Obsession, p.146.



12

Trong phan Re(s) = o > 0 cla mit phang phirc, Riemann d3 thiét 1ap duoc cong
thirc cho ham s8 {(s) bang sw lién tuc gidi tich (analytic continuation) dé ham
s6 nay hoi tu tuyét déi:

w dfs)= 77 =s J, no o

S— 1 xS+1

trong do {x} = x - [x/. Ham s& nay gidi tich khdp moi noi (analytic everywhere)
trong nlra mat phang Re(s) = o > 0 trir tai s = 1 (diém cuc don = simple pole).
Riemann chuwa dirng lai & day. Ong muén mé rong ham sé zeta dé cho né gidi
tich khap moi noi (ham nguyén = entire function) théng qua ham s6 gamma.
Va Riemann d3 thiét 1ap dugc cdng thirc sau day:

s
1

{0 {(s) = 0 { S(l_s)+f1 [x + x I/J(x)dx}

Trong cdng thirc nay ((x) gidm nhanh hon bat c&* ham mii ndo cta x va do
do tich phan hoi tu v&i moi gid tri cda s, trir hai diém kidis=0vas = 1.
Riemann con mudn di xa hon nita bang cach dinh nghia ham s6 &(s) khéng
con diém ki dj nao:

N

v | &) =s-1aer(5) 4(s)

)

3. Zeros cua ham sd zeta Riemann: Gia thuyét Riemann

Zeros clia ham s6 zeta Riemann, tic la nghiém clda phuong trinh {(s) = 0, duoc
chia thanh hai loai: zeros tam thudng (trivial zeros) va zeros khong tam thuong
(non-trivial zeros).

e Zeros tam thudng cha ham sé zeta Riemann
Nhi*ng zeros tam thuéng clia ham s6 zeta la nhitng zeros nao nam ngoai dai
quan trong 0 < Re(s) < 1 (critical strip). Rd rang la vé phia Re(s) > 1 ham s6
zeta khong thé triét tiéu, chi con cd thé cé zeros vé phia Re(s) < 0. Vi ham s6
gamma khong triét tiéu trén mit phang phttc, cho nén phwong trinh ham (1)
cho:

sin ? =0.

T dds=-2,-4,-6, ... D6 1a nhirng zeros tdm thudng clia ham sé zeta.
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e Zeros khéng tam thwéng ciia ham sd zeta Riemann

T4t cd nhitng zeros con lai clia ham s6 zeta déu nam trong dai 0 < Re(s) < 1.
Chung duoc goi la nhirng zeros khdng tam thudng.

Trong bai viét néi tiéng cdng b6 ndm 1859, Riemann phat biéu rang:

Trong déi 0 < Re(s) < 1 ciia mdt phdng phirc, ham s6 {(s) c6 vé s6 zeros, tirc la
phwong trinh {(s) = 0 c6 vé s6 nghiém, tdt cd déu cé phén thuc bang % .

Phat biéu nay dwoc goi la Gig thuyét Rieman.

CRITICA
i 4§ STRIP
® -

%]

NON-TRIVIAL
LZEROS

et
N

0\
j |

| CRITICAL

INE

]

B i

e Kiém chirng

Theo trang The Prime Pages® chuyén vé nghién ctru, ghi nhan, va lvu trir div
liéu vé s6 nguyén t8, thi cho t&di ndm 1986, ngudi ta da kiém chirng duwoc 1.5
ti zeros khéng tam thuwdng cha ham sd zeta trong dai 0 < Re(s) < 1, tat cd déu
c6 phan thuc bdng % . Gilta nhirng nam 2001 va 2005, Sebastian Wedeniwsk,
mot k§ sw ndi tiéng cla hdng IBM, tuyén bd rang 6ng ta da kiém ching trén
100 ti zeros khong tam thuong cda ham sé zeta va thay tat ca déu cé phén
thuec bdng % .

Nhitng két qua trén chuwa du dé noi rang gia thuyét Rieman la dung hodc d3
duoc chirtng minh. Nhitng kiém chirng ay 13 bang chirng dé ta c6 thém dir

13 https://primes.utm.edu/references/refs.cgi/VTW86
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kién dé tin 1a gid thuyét Riemann ding. Va ching ta van ch& mot ngay nao
do sé xuat hién mot chirng minh thuc sy cé tinh thuyét phuc cdc nha Todn
hoc va cac t6 chirc Todn hoc uy tin trén thé gidi hién nay.

Tuy nhién, sudt tir khi Riemann phéat biéu dén nay cling da cé nhiéu nha Toan
hoc tim cach bac bd gia thuyét dy, nhung cho t&i nay van chua cé ai thanh
cong.

4. Ham sd zeta Riemann va sé nguyén té

Nhac lai, Gauss d3 gidi thiéu ham s6 dém s6 nguyén t6 rt(x) va thong qua Dinh ly
sé nguyén té (PNT), m(x) cho phép wdc tinh duoc sé cac sé nguyén t6 nhd hon
mot gia tri thuc x.

Trong bai viét ca minh, Riemann thiét |4p ham s6 dém s6 nguyén td riéng cla
minh qua céng thirc sau day (goi la Ham s6 dém sé nguyén té Riemann):

J(x) = it(x) + % n(Vx) + g n(Vx) + % n(Vx) + % n(Yx) +....

(V)

Chulng ta nén lwu y rang téng s6 xac dinh ham s& dém s& nguyén t6 Riemann trong
cong thirc (V) khéng phai 13 téng s6 vo cung. D&n mét s6 hang nao d6 tdng sé ay
s& phai dirng lai vi khdng c6 s6 nguyén t6 nao nhd hon 2. Thi du nhw ta mudn tinh
J(100). Téng s6 trén s& dirng lai & s6 hang thi 8, bai vi
VY100 ~ 1.778279...<2
cho nén n(m) =0.
Két qua 13
J(100) ~ 28.5333...
Trong khi thuc té€ 13 c6 25 sé nguyén t6 nho hon 100. Riemann tim cach lam cho
cong thirc d&€m s6 nguyén t6 t&t hon. Ong d3 thiét 1ap dwoc cong thirc:
n
) = T () 102
Ciling nhu trén, J(’W) cling s& dirng & mot gid tri nao dé cla n. Trong cong thirc
trén u(n) 1a ham s6 Mobius xac dinh nhu sau:

1 n khong chinh phwong véi s chén thira s6 nguyén t6.
pum) =4—1 khi n khéng chinh phwong véi s6 1€ thira s6 nguyén to.
0 n c6 mot thira s6 chinh phwong.
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Nh& vao ham s6 Mébius ta ¢ cdng thirc sau:
1, 9 ' 4 1 ¢4 1 9 1 7 1
ni(x) = J(x) - EJ(xZ)- EJ(x3)- EJ(x5)+gJ(x6)- ;J(x7)+51(x10)—...

Bay gi® thir tinh lai s6 céc s6 nguyén td nhd hon 100, ta thiy két qua chinh xac
hon:

7(100) = J(100) - %J(lO) ; §J(4.64...) - §1(2.51...) +%J(2.51...)—0— 0..
1(100) = 28.533... - (% x 5.33 ) (% x 2.5) ; G x 1) + (% x 1)= 25,

Ngoai ra, tir cdng thirc tich sd Euler, Riemann con thiét |ap dugc cong thirc dém
s6 nguyén t6 vdi dang tuwdng minh sau day:

1

(V1) J(x) = Li(x) - X7 Li(xP) —log 2 + fxoo (= Dioge "

Trong d6 ham tich phan duoc dinh nhu sau:

x 1
Ll(x)=f2 mdt
va tdng “sigma” lay trén tat cd cac zeros khdng tdm thudng cla ham sd zeta
Riemann.
Dung cdng thirc d3 dwoc Riemann diéu chinh nhu trén ngudi ta cd thé uwdec tinh

s6 cac s6 nguyén td nhd hon mét s thue x mot cach tét nhat (theo Von Koch).

% %k %k %k %k %k

T khi Riemann qua doi vao ndm 1866 (chua tron 40 tudi) cho tdi nay, bai nghién
ctru duy nhat vé Ly thuyét s6 clia 6ng van con 1a mot sdng tao dot pha trong lanh
vire Ly thuyét sé. Gia thuyét éng néu ra vé zeros clia ham zeta, sau hon 150 ndm,
van chua chirng minh dugc méc du cé rat nhiéu nha Todn hoc ndi tiéng d3 bo
nhiéu thoi gian va cong strc vao dé. Tuy nhién, cling nhd bai nghién cliu d6 cla
Riemann ma hang ndm cé rat nhiéu cdng trinh nghién clru mai trong nhiéu lanh
vie 6 lién quan dén s6 nguyén t6 va Ly thuyét sé dwoc cdng bé.

Ngudi ta van hy vong va chd doi mot ngay khdng xa moét chirng minh ding dan
cho gia thuyét Riemann s& xuat hién va duoc cac dinh ché Toan hoc thé gidi cong
nhan.
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