Chuyén vé nha Toan hoc tu hoc An D

SRINIVASA RAMANUJAN

Lé Quang Anh, Ph.D.

1. Motcongthircla: 1+2+3+ = -1—12 ?

Ngay 31 thang 1 nam 1913, nha Todn hoc G.H. Hardy, gido su tai trudng Dai hoc
Cambridge, London, nhan dugc mot phong thu khd day, trong d6 trang dau la
trang ty gidi thiéu va 9 trang sau chtra chi chit cong thirc Toan, tlr mot dia chi nao
d6 & tan mién nam An-Dd xa xdi. Tac gia blrc thu ty gidi thiéu nhu sau:

“Thuwa éng,

Téi xin phép duoc ty gidi thiéu téi la thu ky ké todn hdng Port Trust & bén
cdng Madras, luong 20 bang Anh mét ndm. Bdy gio téi dwoc 23 tudi,...vén
van.”

Tiép theo 1a 9 trang véi hang trdm cdng thirc Todn, cé cong thirc nha Todn hoc

Hardy biét 1a ding, cé céng thirc nha Todn hoc chua thay bao gi®, khdong c6 mot

|&i chirng minh hodc giai thich nao di kém ca. Cudi thu cd nhitng hang sau day:
“Téi nghéo, néu éng tin twdng & gid tri nhitng gi cua téi viét & déy, téi mubn
nho 6ng cho céng bé chiing. Téi hodn todn tin tuéng & nhitng Ioi hwdng dén
cta éng. Toi xin 16i dé lam phién éng.”

Ngoai chuyén la cé qua nhiéu céng thirc la, nhwng chuyén dang ngac nhién nhat

la khéi dadu may trang Toan c6 cong thirc sau day:

/‘/’ZOJff,okl‘ —A7

(viétlaichord: 1+2+3+4+..= - %)

Ai cling biét tong cac s& duong khéng thé 1a mot s& am, téng cla cac s6 nguyén
khong thé 1a mot phan s& dwoc. Hon nita téng ctia chudi s& nay bang vé cuc, sao
bang mot s6 hitu han dugc? Co gi Iam 1an & day khong? Nhin qua mot s6 cong
thirc phire tap nhung chinh xac trong phan sau, nha Todn hoc Hardy khdng thé giai
thich cdi sai & cong thirc dau tién nay.

Thi ra nha Toan hoc dugc xem la “nguwdi ngoai hanh tinh” Ramanujan da di trwdc
cac nha Khoa hoc chung ta gan 100 ndm khi dua ra céng thirc ay, khong mét 1oi



giai thich!. Ngay nay ta goi céng thirc trén 1a téng Ramanujan va da dugc dung
trong ly thuyét déy (string theory), dac biét dé gidi nghia hién tuong duoc goi la
hiéu trng Casimir (Casimir Effect) trong co hoc lwong tlr. Ta sé ndi thém vé cong
thire ky la nay & trong phu ban.
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Mét trang cdng thirc ciia Ramanujan do chinh téc gia viét tay.
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L Sau nay Ramanujan ndi v&i Hardy rang dng cd tinh dua ra cong thirc nay 1én dau dé gy sw chl y cho Hardy.



2. Srinivasa Ramanujan la ai?

Srinivasa Ramanujan (1887 - 1920), nha Toan hoc thién tai An Do.

Srinivasa Ramanujan (1887 - 1920) sinh tai lang Erode, phia nam thanh phé Tamil
Nadu, mién nam An D6 trong mot gia dinh nghéo khé. Cha 6ng lam viéc trong mét
clra hang budn ban nho, me hat trong mot ngdi dén. Dlra em nho chét vi bénh khi
md&i 3 thang tudi, hai ngudi anh em khdc cling chét khi tudi con tho. Con
Ramanujan bi mac phai bénh trai ra khi méi 2 tudi nhung vuot qua duwoc. Lén 5
tudi, Ramanujan dwoc cho di hoc tai trudng Kumbakonam, mét thi trdn gan
Madras, noi gia dinh dang sinh séng. Cau bé khong may vui thich véi nha treong.

Khi 1&n [8n mdt chit, Ramanujan hoc hét kién thirc Todn hoc cla céc thay gido &
truong va doc sach Todn mét minh. Mac dau khdong dwoc hoc Todn cé hé thong,
nhung Ramanujan td ra cé mot kha ndng Toadn ky la. Khi md&i 12 tuéi chang tré
tudi co thé gidi dugc nhiéu bai todn vé Ly thuyét s6 va Gidi tich. That ddng kinh
ngac khi Ramanujan cé thé nghi ra nhirng sw kién va nhirng y twdng Todn hoc trong
mdt khung cadnh hoan toan tréng vang tri thirc & xung quanh.

Lui lai th&i Trung c8, ta thdy An D6 c6 mot truyén théng san xuat ra nhiéu két qua
Todn hoc nhung khong di kem véi chirng minh. Va cling nhu cdc nha Toan hoc An
Do khac, Ramanujan khéng quan tdm may dén viéc cd dwgc mét chirng minh chinh
théng. Don gian la chang chi dua ra nhirng két qua Todn hoc dep d&, nhu 13 |ay
ching ra tir khdng khi, hau hét 13 cac dang thirc va phuong trinh. N3m 1902 (15
tudi), hoc duoc tir trong sach phwong phdp giai phuong trinh bac ba cta cac nha
Toan hoc Y thé ky 16, Ramanujan tim ra duoc, theo cach riéng clia minh, cach giai
phuong trinh bac bén. R6éi chang lao dau vao gidi phuong trinh bac ndm nhuwng
khong cé két qua. Chang dau biét rang phuong trinh bac nam khong thé gidi duwoc
bang cdn thirc (Abel, Galois).



Tét nghiép trung hoc vao ndm 1904, Ramanujan duoc tang thudng gidi Rao vi hoc
sinh c6 két qua xuat sic trong viéc hoc Toan véi diém s6 cao hon tran cyc dai
théng thudng cha nha trwdng. Ramanujan duwoc hoc bong dé vao hoc tai truong
Dai hoc céng 1ap Kumbakonam, & dé Ramanujan dat két qua ky diéu vé Toén hoc,
nhung té ra khdng c6 nang luc gi & cdc mdn hoc con lai, vi vdy Ramanujan mat hoc
bong. Chang tuy bé di qua mét thj trdn khdc. Sau dé chang xin vao hoc tai Dai
hoc Pachaiyappa & Madras. Cling nhu & truong trudc, két qua & cac moén hoc khac
qud kém va ciing vi strc khde cé van dé, chang rét trong ky tot nghiép. Tuy nhién,
chang van say mé tiép tuc nghién cttu Toan hoc mét cach doc lap.

Viéc roi Dai hoc ma khong cé mot tdm bang nao lam chang nan long. Theo truyén
théng An D8, Ramanujan duoc phép cwdivo. Gia dinh cwdi co bé Janaki Amal méi
10 tudi cho chang, nhung theo qui dinh, ddm cudi chi hoan tat khi cd gai dd tuéi.
Nhu vay, hai nguoi khéng sdng chung véi nhau. Ramanujan tiép tuc cudc séng
trong nghéo khé. Ramanujan trinh cho mét sé gido su & trwdong Dai hoc dia
phuong mét vai két qua cla céng trinh nghién clru cia minh dé cé duoc sy gidi
thiéu can thiét khi di xin viéc. Cong trinh cla chang lam cac gido su qué déi ngac
nhién khién cho mai dau ho khdng tin 13 cla chang. Cho dén khi chang chi cho ho
thay 1am thé nao chang cé duoc cac két qua ay, thi ho méi hiéu rang chang khong
phai 1a ngudi lam d6 gid mao, va ho viét cho chang nhitng thu gidi thiéu nong
nhiét, doi khi c6 kém thém mdt chut tién tro gitp dé cho chang cé thé tiép tuc
nghién ctru Todn hoc.

Ramanujan cho dang trén to Journal of Indian Mathematical Society (Bdo cta héi
Todn hoc An D) mot bai todn thach d6 cac nha Todn hoc tim ra cach gidi. Cau hoi
la tim k&t qua cla chudi dién t3 b&i cac cdn thirc [6ng vao nhau sau day:

\/1+2\/1+3\/1+4\/ﬁ

Sau thang trdi qua, khong c6 mét |oi giai nao duoc goi tdi, vi vay Ramanujan phai
tiét 16 dap s6: B6 la s6 3.

Nam 1912, cudi cung thi Ramanujan cling tim dworc viéc lam, dé la mét chan thw
ky & cong ty Madras Port Trust. Chang lam viéc t6t va hitu hiéu dén ndi con duv
thoi gian dé nghién clru thém Toan va cdng bd thém mét s bai bdo trén to béo
Todn hoc dia phuong. Trdng thay tai ndng sang chdi cla chang, mot s6 ban va
nhirng ngudi cdng tadc dem codng trinh cda chang cho mdt s6 nha Todn hoc nguoi
Anh xem, hy vong tim dugc sy ng hd cho ngudi ban tré cla ho. Bat hanh thay,
moi né luc déu khdng cd két qua.
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3. Burc thw g&icho G.H. Hardy

Théng 1 ndm 1913, Ramanujan viét mét blrc thu cho G.H. Hardy (1877 — 1947),
nha Todn hoc ngudi Anh tai Dai hoc Cambridge, kem theo mot bai dai 9 trang, ndi
dung |a hon 100 céng thire (dinh ly) 18y tir cdng trinh cia minh. Hardy | gido sw
giang day va 1a tac gia cudn sich gido khoa ndi tiéng thoi 8y: cuén A Course of Pure
Mathematics. Ngoai ra 6ng con coOng tac vdi nha Toan hoc tai nang John
Littlewood (tré hon 6ng 10 tudi) nghién cru nhiéu dé tai vé tinh toan, ly luan, va
Giai tich thuan ly.

Nha Toan hoc G.H. Hardy (1877 — 1947), nguai da tan tinh gilp d& Ramanujan
trong thoi gian Ramanujan & Anh.

Cam tudng dau tién cta Hardy sau khi xem xong birc thu 1a day 13 mot tdc phdm
gid mao. Ong nghi rang ai dé chép lai mot bai bdo clia mdt nha Todn hoc nao dé
trong mot t& bdo Todn hoc ma khong ghi xuat xt. Ong nhan ra mot vai két qua
nhu 12 hé qua d3 duogc ngudi khac tim ra va dugc phé bién & phwong Tay. Con
mot s6 cong thirc hodc dinh Iy khac 6ng chua hé thay bao gio. Ong ngac nhién va
suy nght. Khi doc lai may trang nay mét [an nita, 6ng nhan ra cé mot s két qua
ong khong hiéu, dan xuat tir viéc khao sat chubi sé siéu bdi (hyper-geometric
series) ma trudc day Euler va Gauss c¢6 nghién ciru. Hardy qua an tugng va qua
ngac nhién, sau nay dng ké lai: “Nhirng dinh ly nay chinh phuc téi hodn todn. Tir
trwdce tdi gior téi chura thdy nhitng diéu nhu thé nay bao gidr cd.” (Kanigel. The Man
Who Knew Infinity). Nhitng dinh ly nay phai dang théi, 6ng két luan: “béi vi néu
chung khéng dung, thi khéng mét ai cé du tri tuwdng tuong dé phdt minh ra chung.”

Hardy dem nhi*ng gi Ramanujan d3 viét cho cac déng nghiép cta dng xem, va ho
cling ngac nhién khéng kém. R8i 6ng viét thu hdi am cho Ramanujan, néi rang éng



rat quan tdm dén cong trinh cda chang va yéu cu tac gia b6 sung chirng minh cho
mot vai dinh ly trong bang cdng thirc &y. Ramanujan nhw né tung vi vui swdng khi
nhan dugc thu trd 10, réi dng viét cho Hardy: “Téi nhuw tim duworc tinh ban & noi
éng, vi 6ng la nguoi dé doc nhitng diéu téi viét mét cdch cd thién cdm.” Sau cung
thi Hardy m¢i Ramanujan t&i Pai hoc Cambridge. Truwdc |01 moi cia Hardy (nhén
danh Dai hoc Cambridge), hdi déng Gido Duc dia phuong quyét dinh tai tro cho
Ramanujan mot ngan khoan dé 6ng lam viéc tai Dai hoc Madras, hy vong gilt 6ng
& lai An Pd. Cha me cla Ramanujan té ra chéng déi viéc dng di Anh, cho nén éng
budn ba tlr chdi loi moi cda Hardy. Hardy that vong, quan hé giita 6ng va
Ramanujan ngudi di. M6t thoi gian sau, Hardy ¢ thi* mdi Ramanujan mét lan
nita. Lan nay thi Ramanujan sdn sang bdi vi me cla Ramanujan nam mong thay vi
Than linh cta gia dinh néi rang nén cho con trai ba roi khoi nha. (Neville, Srinivasa
Ramanujan).

4. Cong viéc hoc tap va nghién ciru & London

Ngay 17 thang 3 nam 1914, Ramanujan Ién chiéc tau thiy mang tén Nevasa roi
Madras. Tau dén Luan Don sau gan mot thang. Don éng |3 E.H. Neville, ngudi d3
tirng qua giang day tai Pai hoc Madras, quen biét va gitp d& Ramanujan khi con &
Madras. May ngay dau Ramanujan & tam nha Neville, sau d6 éng don vé & gan
phong clia Hardy tai Cambridge, hai ngudi gép nhau hing ngay dam dao vé nhirng
dinh ly thu vi ca Ramanujan. Trong thu, Hardy d3 nhan dugc tir Ramanujan hon
100 céng thirc (dinh ly), nay Ramanujan lai mang qua thém nhiéu céng thirc mai
nita. Nhin qua tat c3, Hardy c6 thé nhan thdy mot sé dinh ly d3 dwoc biét réi, mot
vai dinh ly thi 6ng cho Ia sai, nhung c6 nhiéu dinh ly qua la nhitng phat hién mai.

Littlewood d3a nghe nhiéu ngudi, nhat la Hardy, ndi vé Ramanujan, nay cé dip doc
nhitng trang ghi chép cla chang. Cling nhu Hardy, Littlewood hét strc ngac nhién
trudc nhitng cong thirc “ddt phd” cla chang thanh nién dén tir mét vung troi xa
la, thi€u hoan toan méi trudng khoa hoc. Littlewood va Hardy cling so sanh chang
thanh nién thién tai nay vai Euler va Jacobi?. Tuy nhién c3 hai Hardy va Littlewood
cling nhan ra rang, cé thé do ty hoc, chang td ra thiéu kién thirc nén tang & mot
s6 13nh vure. Hardy noi: “Cé nén chdng khi phéi day cho chang thanh nién nay mét
s& phén Todn hién dai. Sw gidi han kién thirc cia chang & mét sé noi ciing ddng
ngac nhién nhuw sw phong phu va sGu réng kién thirc & mét sé noi khdc.” (O Ore,
Biography in Dictionary of Scientific Biography). Littlewood duwoc giao cong viéc
hudng dan Ramanujan hoc tap (mentor), bé sung kién thirc nén tang mdi, cling

2 Carl Gustave Jacobi (1804- 1851), mét nha Toan hoc ngudi Dirc, c6 nhigu dong gép quan trong nhiéu lanh viec:
Ham sé elliptic, Phwong trinh vi phdn, Ly thuyét sé,...



nhw cach thirc trinh bay ly ludn Todn hoc chat ché hon. Littlewood viét: “Céng
viéc ndy that sw khd bdi vi méi khi téi trinh bay mét vian dé gi cho Ramanujan ma
téi nght chang can, thi chinh téi bj chang dwa di xa, ra khéi dw tinh ban déu cia
téi.” (E Shils. Reflections on tradition, centre and periphery and the universal
validity of science: the significance of the life of S. Ramanujan). Ramanujan cung
lam viéc véi Hardy va Littlewood & Cambridge trong ndm nam, éng d3 cdng bé
mot phan clda nhitng khdm pha mai cla éng trong thoi gian nay.

Tuy nhién, cudc séng va céch thirc lam viéc cia Hardy va Ramanujan hoan toan
khac nhau néu khéng muén néi la déi choi nhau. Ho cdng tc vdi nhau trong su
va cham cla hai nén van hoéa va hai ca tinh khac nhau. Trong khi Hardy la nguoi
vo than thi Ramanujan chim d&m trong ton gido (dao Hindu), tir tw twéng cho dén
cudc séng hang ngay.

Trong vai thap nién trudc dé, Todn hoc phat trién va hién dai héa dan Ién. Todn
hoc doi hoi nhiéu & tinh chinh xdc va tinh hé théng chat ch&. Hardy la tin d6 cla
trao lwu nay. Trong khi d6, Toan hoc cia Ramanujan dya trén truc giac va doi khi
mang tinh than bi khé gidi thich. Trong thoi gian nay, Littlewood, ngudi phu trach
hudng dan cho Ramanujan, phai “x&p but nghién theo viéc dao cung” do Thé chién
thr nhat d3 dén giai doan gay gat nhat, Hardy thay thé vai tro cla Littlewood trong
viéc hwdng dan Ramanujan di ding dwdng (tinh chinh xac, tinh hé théng), thay vi
trién khai Todn hoc chi dya trén truc gidc va cam hirng (inspiration) ma Ramanujan
van thuong lam.

Srinivasa Ramanujan (& gitta) va cac dong nghiép & DH Cambridge.

Thang 3 ndm 1916 Ramanujan duoc trwedng Dai hoc Cambridge trao bang Tién si
Todn vi nhitng thanh quad trong nghién cru vé Ly thuyét s6. Mét phan cGa nghién
cru nay la mot bai bdo dai khoang 50 trang duoc dang trong Proceedings of the
London Mathematical Society (Lwu trit cua HSi Todn hoc London). Hardy va mot
s6 nha Todn hoc duwong thoi nhan xét rang bai bdo vé Ly thuyét s& nay qud doc
dado ma nguoi ta doc thdy dwoc lan dau trén tai liéu lwu trir cha H6i Todn hoc



London. Qua dé ngudi ta xac nhan thém mét [an nira tai ndng thién phd dac biét
clia Ramanujan.

Cudi ndm 1917, dng dugc bau 1am thanh vién cha HAi Todn hoc London. N3m
1918, 6ng dugc vinh du tré thanh thanh vién cla H6i dong Hoang gia Anh (Fellow
of The Royal Society)3, ndm dy éng 31 tudi va la thanh vién tré nhat ké tir ngay Hoi
déng duogc thanh 1ap vao nam 1660.

5. Thanh qua va déng gép cia Ramanujan cho Toan hoc

e Turdaunhitng ndm 1900, Ramanujan d3 bat dau tw nghién ctru vé Ly thuyét
s6, Ham elliptic, Phdn sé lién tuc, va chudi sé theo cach riéng clia minh.
Trong hon 100 cdng thirc (Dinh ly) g&i cho nha Todn hoc G.H. Hardy, hau
hét 1a cong thirc vé chudi sé.

e Ong tim duoc y nghia cta tich phan Euler loai hai cho tat ca gid tri cla n
(duwong, dm va phan so).

e V& dy dodn Goldbach: Pay Ia du dodn cii nhat (1742) cho tdi nay van chua
6 16i chirtng minh. Dy dodn ndi rang bt ct s6 nguyén chdn ndo Ién hon
2 ciing la téng sé cua hai s6 nguyén té6. (Thidunhuw12=5+7; 14=3+
11). Ramanujan tuy khong chirng minh dugc dy dodn trén nhwng chirng
minh dugc rang bdt ky sé nguyén khd I6n nao ciing la téng cda it nhét bén
sé nguyén té.

e Sy phan cit sd nguyén (partition of whole numbers) 1a mot bai toan tuwong
tw ma Ramanujan quan tam tdi. Day la mét bai todn cha Ly thuyét sé va
Dai s6 t6 hop (Combinatorics). Thi du:

4=3+1
=2+2
=2+1+1
=1+1+1+1.
Ong cling quan tam t&i hop s6 (composite numbers) nhu 13 quan tam t&i
s6 nguyén t8: ciu tao, phan bd, va cac dang dac biét.

e Phuong trinh bac ba, bac bon: Tl ndm 1902, dng d3 tim duwoc cich giai
cla riéng minh, va 6ng thlr giai phwong trinh bac ndm nhung khéng thanh
cong (6ng khdng hé biét truwdc d6 Abel va Galois d3 chirng minh duoc loai
phuong trinh nay khéng gidi duwoc bang cn thirc).

e Ong d3 nghién cttu vé chudi s6 diéu hoa va ham Euler zeta. Trong s6 ghi
chép clia 6ng c6 nhiéu cong thirc lién quan dén Z(3). Ong kham pha lai
cong thirc Euler:

3 The Royal Society cé thé xem nhu Han LAm Vién nuwéc Anh.
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e N3m 1917, 6ng d3 téng quat héa dwoc chudi Glaisher, ndi dung dugc trinh
bay trong bai bdo cé twa dé A series for Euler constant Y:

~

Tlr d6 dng da tinh ra dwoc hang s8 Euler Y véi 15 s8 thap phan.

e Khoang thoi gian 1910 (trudc giai doan qua London), 6ng thuong dang
nhirng bai nghién ctru clia minh trong t& bdo cta hoi Toan hoc An P9, tor
The Journal of the Indian Mathematical Society. Trén t& bao nay, trong
thoi gian dy, 6ng d3 c6 nhirng bai bdo vé Phuong trinh Elliptic Modular.

e Veé nhitng sd Bernoulli: Ciling trén t& bdo ndi trén, vao ndm 1911, éng cd
mot bai bao xuat sac vé nhitng s& Bernoulli (twa d& Some Properties of
Bernoulli's Numbers) dwoc gi¢i Toan hoc danh gid cao. Mac du khong hoc
Dai hoc, ndi dung nay duwgc dng nghién ctru theo cach riéng clia minh,
Ramanujan d3 dat duwoc nhitng két qua lam ngac nhién gidi Todn hoc An
Do.

e V& chudi siéu boi (hyper-geometric series): Trong cudn sé ghi chép cua
Ramanujan (ngudi ta khéng biét dich xac thoi gian, ddu dé khoang 1912 -
1918) ngudi ta doc thady Ramanujan kham pha ra nhitng dinh ly vé chudi
siéu boi theo cach riéng cha 6ng, nhitng cong thirc nay Gauss, Kummer,
Pfaff-Saalschiitz, Dixon va Dougall d3 tim ra truwdc d6 réi. Ngoai ra dng con
c6 mot s6 kham pha méi chwa hé duwoc biét & Chau Au trwdc d6, chang
han nhu mét s6 dinh Iy vé tich cac chudi s6 siéu bdi cling nhu mé rong tiém
can cla chdng. (Journal of Computational and Applied Mathematics, 2005.
An entry of Ramanujan on hyper-geometric series in his Notebook).

e N3m 1918, Hardy va Ramanujan nghién ctru vé mé rong ham phan hoach
P(n) (partition functions). Hai dng d3 dua ra dwoc dang tiém can cta chudi
khong hoi tu. Diéu nay cho phép tinh todn sy phan cat moi s& nguyén.
(N3m 1937, Hans Rademacher” cai tién phuwong phép va tim ra dwoc chudi
hoi tu dé gidi bai todn trén.) Cong trinh cda Hardy va Ramanujan trong
|3nh vue nay da cung cap nhitng phwong phdp mdéi rat hiru hiéu dé tim ra
cong thirc tiém can goi la phuwong phdp duong tron.

e Nhirng nam cudi d&i, Ramanujan khdm phé ra ham mock theta. Trong
nhiéu ndm, ham nay van con [a mdt bi 4n. Nay ngudi ta biét dugc rang
né la phan giai tich cta dang diéu hoa yéu Maass.

4 Hans Rademacher (1892 — 1969), nha Toan hoc ngudi My gdc Dlrc, gido su tai Dai hoc Pennsylvania, chuyén vé
Gidi tich va Ly thuyét sé.
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Theo Bruce C. Berndt, gido su trwong Dai hoc Illinois, Ramanujan dd cong bd 37
bai bdo va rat nhiéu cdng thirc dwgc 6ng ghi chép trong bén cuén tap (notebooks)
ma mot cubn nay d3 that lac. Ngudi ta wdc chirng trong nhirng sé ghi chép 4y cé
khoang 4000 cong thirc (hodc dinh ly), hdu hét khong chirng minh. Tir d6 dén nay
mot s I&n cdng thirc d6 d3 dwoc chirng minh, tao hirng thi cho mot sé nha Toén
hoc thé hé sau.

A few formulae (out of the many possible ones)
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(¢ 125

M=

7 2 (15”+2)[%],,[1§],,[§L [ 2 ]"

(nl 27

a=0 a=0

_5 2“‘”*“[5L [a],q[g],,[ L)L) 4o 2“33’“8)[5],,[3],,[3L )

LW = (1) 125 155 | 4 )’ =
o !
s (-1)*(28n+3)[%]»[%]n[§]” e (_I)N(ZU“%[;_]R[%],,[%],,
-vrg u=0 (ﬂ!)33ﬂ43¢+1 = (ﬂ|)322ﬂ+1

feermme @) [aorem s (0]
= - (sl F 57722741 n=4 < (182741
= =
oy ey L e o e A
e zo*‘ n+(,3[.§}92[»41][4] ﬂ=21,§§ i [(il])3£4][4]
few Q@A [eemnA6.]
“’=m < (’?3!)34;2)!1-1* T L= T < (ﬂ!)sggzm =

Thé gidi s6 i cia Ramanujan. (Wikipedia). Ngudi ta ty hoi: V&i mét ngudi khéng durgc
hoc dén noi dén chén & Bai hoc thi Gy déu ra cdc céng thire nay?
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6. Cudcsdngriéng tw

Sudt cudc doi ngan ngli, Ramanujan ludn ludn bi phién nhiéu vi van dé strc khoe
cla minh, nhat 13 trong thi gian 5 ndm s6ng tai Anh. O day khi hau 4m va lanh
khac vai khi hdu ndng va khé & qué huwong 6ng mién nam An D6. Thém vao dé la
ché& d6 an udng khéng day du. Thoi ky nay 1a théi ky cda Thé chién thi nhat 1914
— 1918, thuc pham khéng nhitng khan hi€ém ma con khéng day du cho ché dd &n
uéng kiéng khem clha 6ng°. Strc khde 6ng xau dan. Cudi ndm 1918, ngudi ta phai
dua 8ng vao bénh vién vdi chan doén la kiét strc vi thiéu sinh t& va thiéu dinh
dudng. Ngoaira, 6ng c6 diu hiéu bénh lao dang trén da phat trién. Thang 2 ndm
1919, éng duwoc duwa vé qué huong. M6t ndm sau, ndam 1920 6ng qua doi, khi ay
dng mai vira budc qua tudi 33.

Ramanujan dugc mo ta nhuw 13 con ngudi tram lang, nghiém trang nhwng vui tinh.
Ong theo hé phai An D6 gido chinh théng, nit than Namagiri Thayar |a nit thin cda
gia dinh 6ng. Ong tin rang chinh vi ni* than nay dem lai niém cdm hing cho 6ng
trong khi nghién cru Todn hoc (Kanigel. The Man Who Knew Infinity). Ong néi:
“Péi vdi tbi, mét phurong trinh chi ¢é y nghia khi né phdn dnh mét y twdng cua
Thuong dé.” (Chaitin, Gregory. Less Proof, More Truth).

to me unless it expresses
a thought of God.

-
— / e

= = Vv

d Srinivasa Ramanujan

%k %k %k %k %k k

5 Ong tuw di mua thuwe phdm va tu nau &n & nha theo ché d6 riéng, pht hop vdi tén gido cla 6ng.


https://philpapers.org/rec/CHALPM
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Phu ban 1

Nhirng con s6 Taxi

Ramanujan dugc cho 1a quen thudc védi tirng con s8 nguyén. Khdng cd sy viéc nao
t&t hon dé chirng minh tinh yéu cta éng vdi cac s6 nguyén - khéng mét chit tinh
cd nao ca - dé la viéc xay ra trong lan cudi cung éng ndi chuyén Hardy truwdc khi
chét. Trong khi 6ng bi bénh nam liét givdng thi Hardy dé&n thdm. Hardy néi: “Téi
dén ddy bdng taxi, n6 mang mét con sé rdt chdn: s6 1729.” Ramanujan ngac nhién,
thu hét strc con lai ngdi bat day trén givdng va ndi lén: “Khéng, khéng déu Hardy,
d6 Id mét con s6 rdt thu vi! NS I con s6 nhé nhdt dién té téng cla tam thira cla
hai sé trong hai cdch khdc nhau!” Théat vay:

1729 = 93 +103% = 13+ 123,
S8 1729 sau nay duoc goi la s6 taxi Ramanujan, hodc la sé Ramanujan.

TU su kién nay, cé mét chd dé nghién clru vé nhitng con sé taxi — d6 13 nhirng con
s8 T(n) nhd nhat co thé dién ta 1a téng clia tam thira hai s6 khéc trong n cach khac
nhau. Cho t&i ngay nay mdi chi tim ra dugc 6 con s6 taxi dau tién. Nam kham pha
cac s6 nay (tlr s6 th ba tréd di) [a 1957, 1991, 1997, va 2008.

Ta(l) = 2 = 13413
Ta(2) = 1729 = 13 + 123
= 9 + 10°
Ta(3) = 87539319 = 167° + 436°
— 2288 4 423°
= 2553 4 4143
Ta(4) = 6963472309248 = 2421% + 190833
= 5436° 4 189483
= 10200° + 18072
= 13322% + 16630°
Ta(5) = 48988650276062496 = 38787 + 3657573
= 10783%9° + 362753
= 205202° + 342952°
= 221424 + 336583°
= 231518 + 331954

Ta(6) = 24153319581254312065344 =  582162% + 28906206°
= 3064173% + 288948033
= 85192812 + 286574873
162180682 + 270932082
= 17492496° + 26590452*
= 18289922% 4 26224366,

(Ngudn: Wikipedia).
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Phu ban 2
Téng ctia chudi s6 cac sé tw nhién

e Nhu ching toi d3 gidi thiéu, ngay trang dau trong birc thu' S. Ramanujan goi
cho G.H. Hardy cé cong thirc:

Job 2+ 3y 4 ¢ ke — //L
e N 1
(Viét lai cho ro: 1+2+3+4+""=-E)

T d4u Ramanujan kiém ra céng thirc nay? Néu nhu nd sai, tai sao ngay nay ngudi
ta con nhac téi né lam gi?

e Tahay xem:
1=1
1+2=3
1+2+3=6
1+2+3+4=10

+1
1+2+3+.+ n=2030
R® rang la téng s6 cang ngay cang I&n khi n cang ngay cang I&n. Ngudi ta ndi téng
s6 tién tdi vo cuc khi n tién tdi vo cwc. Hon thé nira, tdng cac s6 duwong sao lai
bang s6 am? Téng cac s6 nguyén sao lai bang phan s6 ? Ramanujan viét nd tir ndm
1913, va éng ta biét dng ta viét cai gi va vi ly do nao.

e Ramanujan chic chdn dang |am viéc trén ham sé Euler zeta®.

Vao gitta thé ky 18, nha Toan hoc da tai Euler da chirng minh dugc rang:

1 1 1 1 p o T2 N L. ‘s X
1+ =+ =+ —=+.+ = tiéntdi — khin tién ravo cyc. Ngudita ndi chudisd
22 32 42 n? 6
1 1 1 2

1+ =+ =+ —+.. hoitutoi —.
22 32 42 6

M6t cach téng quéat ngudi ta biét rang

S(x)= 1+ Zi ot b bt —

6 C6 thé xem thém van d@é nay & bai viét Tim hiéu gid thuyét Riemann trong Rosetta.vn/lequanganh.
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hoi tu t&i mot s6 hiru han khi x > 1. Ngudi ta néi ham sé S(x), dat tén [a ham sb
Euler zeta, duoc xac dinh khi x >1. Chuyén gi xay ra khi thay x bdi gia trix<1?
Chang han nhu x = - 1?

S(-1)=1+2+3+4+...

Chubi s6 sé phan ky (khong cé téng hitu han). Néi mdt cach khéc, trong trudng
hop nay chudi s6 cé téng bang vé cuec.

e Bang mdt k§ thuat m& rong ham s6, goi |a mé réng gidi tich lién tuc
(extension by analytic continuation), tir ham sé Euler zeta S(x) nguwdi ta dugc
ham s6 (x), dat tén l1a ham s& Riemann zeta, hoan toan xac dinh khix < 1.
Né&u ta thu lai trén x > 1, thi ham sé Riemann zeta {(x) s& la ham s6 Euler zeta.
Ham s6 {(x) do nha Toan hoc xuat sic Riemann cla thé ky 19 sang tao ra.

1 1 1 . e o
Ux)= 1+ w=tmtt ot xac dinh v&i moi x < 1.
1

. Néi
2

Né&u chung ta thay gid tri x = -1 vao ham s& Riemann zeta thita c6 (-1) = - 5

cach khac, ta co:
1
1+2+3+4+..=-—.
12

D6 chinh 13 ly do vi sao Ramanujan dua ra cong thire trén. Thai 8y it ngudi hiéu
duwoc, con dng ta chang cé 10i giai thich nao.

e MOt “meo vat” (a trick) dé cé hé thirc dy’. Pat:
A=1-1+1-1+..
Ta co:
1-A=1-(1-1+1-1+..)
= 1-1+1-1+..=A
T d6 14y ra dwgc A = % . Dat:
B=1-2+3-4+5-...
Ta co:
A-B=(1-1+1-1+..)-(1-2+3-4+5-..)
=(1-1)+(-1+2)+(1-3)+(-1+4)+(1-5)+...

=0+1-2+3-4+5-..
=B.
V&i A=%, ta suy ra duoc

2B=2 hayla B=-.
2 4

7 Day chi Ia mét meo dé cé két qua, khdng phai [a mot chirng minh nghiém tuc.



C=1+2+3+4+....

Ta cé:
=(1-2+3-4+..)—(1+2+3+4+...)
=(1-1)+(-2-2)+(3-3)+(-4-4)+(5-5)+(-6—6) +....
=0-4+0-8+0-12+....
=-4(1+2+3+4+..)=-4C.

. 1 1 . s
Vi B=Z,ta suy ra du‘o’cz=-3C,tu'c la

C= 1+2+3+4+.....=-i. [ |
12

e Taisao cong thirc cé vé khéng hop ly nay lai quan trong? Noéi ngay, né duogc
dung trong ly thuyét ddy (string theory), mot ly thuyét mai trong Vat ly.

| CASIMIREFFECT |

UNCHARGED METALLIC PLATES

2??2

vAcuuM FLUCTUATIONS
CASIMIR FORCE

(Hinh 13y tr Wikipedia).

Ngoai ra tdng Ramanujan ¢ mot anh huwdng 16n trén Vat Iy lwong tlr nham giai
thich hién tuwong duoc goi la hiéu trng Casimir. Hendrik Casimir (1909 - 2000), mot
nha Vat ly ngudi Ha Lan, cho rang ton tai nhitng lwc hat gitra hai tam kim loai dat
trong chan khéng do su hién dién cta nhitng hat do (virtual particules)®. D& tinh
téng nang lwong cha céc lyc hat gitra hai tdm kim loai nay (phai hitu han) dng phai
nh& cach tinh tdng Ramanujan. Sau khi tinh todn, nha Vat ly di t&i téng:

1+8+27+64+....

Do chinh la S(-3), téc la gia tri cia ham sé Euler zeta vdix = -3:

8 Theo Vat ly c6 dién, khdng cé hién tugng gi xay ra trong khodng chan khong giita hai tdm kim loai.
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S(—3)=1+2—f3+3%3+4—f3+....=1+8+27+64+....

Nhung téng nay bang vé cuc, diéu khdng hop ly trong Vat ly. May thay, theo cach
tinh cha Ramanujan, vé&i x =-3 <1, thi S(-3) ={(-3) = Flo' moét s6 hiru han. D6 13
gia tri cia ham s6 Riemann zeta tai x = -3. Diéu ky diéu |a cdc nha Vat ly lvgng tir
tao ra nhitrng thi nghiém va thay cé Iyc hat gittra hai tdm kim loai twong &ng véi
nang lvgng hitu han cho bai:

z(-3)=1+8+27+64+....=510.
Chulng ta nén nhé rang téng Ramanujan cé tir dau thé ky 20, con Vat ly lwgng tir
dugc kham pha vao cudi thé ky 20. Cho nén cd nguwdi goi Ramanujan la “ngudi
ngoai hanh tinh” |a vi thé!

% ok %k %k %k *k
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